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I. INTRODUCTION 
In this investigation the unsteady, laminar flow of a 
viscous, incompressible fluid around a cylindrical obstruc­
tion placed between two closely parallel plates is studied 
theoretically and experimentally (Figure 1). Flow through a 
configuration of this type is called a Hele-Shaw flow. A 
survey of the literature revealed that little work had been 
done in this area, and that unsteady Hele-Shaw flow has 
apparently not been studied. 
In order to provide a background to this problem, it 
is appropriate to discuss briefly some basic characteristics 
of steady Hele-Shaw flow. The most striking feature of the 
steady Hele-Shaw flow is that if a cylindrical body of an 
arbitrary cross section is inserted perpendicularly to the 
plates, as shown in Figure 1, the resulting pattern of stream­
lines is identical with that of a potential flow about the 
same body. For example, if a circular cylinder is used, 
the streamlines appear as shown in Figure 2. The reason for 
this interesting phenomenon becomes apparent as we examine 
the governing equations of motion and of continuity under 
the assumption of this specific flow situation. 
Let the coordinate system be chosen such that its origin 
lies in the center between two plates spaced a distance 2h' 
apart; the x'-y' plane is parallel to the plates, and the 
z' * 
/ ^ / / / / / / / / / / ( ( / / / / / / / y / / / ,  / / / / / / / / / / / . / ( / / //////^// / 
h' 
1^ 
-> X 
v / Z / z / f / / / / /  / /  /  P / / / / /  / / / / / / / / / y } / / / / / / / / .  
Far away from 
cylinder the flow 
field is described 
by Equations la,b^c 
Flow direction 
A 
i_ 
Section A-A 
Cylindrical obstruction of 
arbitrary cross section 
with a finear characteristic 
length L' 
» X 
A 
_r 
N> 
Fig. i. Basic geometrical configuration for HeieShaw flow 
Streamlines based 
upon Equations I6a,b 
Flow direction 
Streamlines shown by 
filaments of colored 
dye 
Fig. S. Typical example of Heie Shaw flow past circular cylinder 
at Reh'^4 after Riegeis [s] 
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z'-axis is perpendicular to the x'-y' plane (Figure 1). The 
body is assumed to be placed in a stream with maximum velocity 
(at z'=0) parallel to the x'-axis. At a large distance 
from the body the velocity distribution is parabolic. Hence, 
"i = 
u ' = 0 
u' = 0 
z 
, 2  
77^ 
(la,b,c) 
as x'-^oo. 
The non-dimensional equations of motion and of con­
tinuity for the steady flow of a incompressible fluid in 
Cartesian coordinates are 
A : . 4  
•) (2a) 
8u 3u 3u 
y3y 
3u 
• ( •  
Sx" 9y' 
9^u. 9^u 
h 3z' 
ay. 
i + 1_ IJZ) (2b) 
3y^ 32^ 
"xâîT + "yâf + =-;;A •) (2c) 
(2d) 
where 
V 
Re = -2— (3) 
and u„, u . and u_ are the velocity components in the x, y, X y z 
and z directions, respectively ; and the dimensional quanti­
ties are nondimensionalized by L', h' and U^. The length 
L' is the characteristic length of the body. That is 
u* 
(4) 
X 
P = -^ 
where the unknown exponent m is to be determined from the 
special characteristics of the geometry of the Hele-Shaw 
cell. 
6 
If the assumption 
h << 1 (5a) 
is made, the second order partial derivatives with respect 
to z are much greater than the remaining viscous terms. 
.2 
Hence, only terms of —^ are retained in the portion of 
8z 
Equations 2a,b representing viscous effects. The convec-
tive acceleration terms are of the order of 0(1) or h 
Since the flow is in a closely spaced gap between two 
parallel plates, we assume that 
Re^ ( h"-:} (5b) 
with these conditions, Equations 2a,b,c become 
and 
Reh^ Sz2 
(6a,b,c) 
TJ^e orders of the pressure term and the viscous term 
in Equation 6c depend upon the coefficients and —^ 
h"^ Reh"^ 
However, since the flow is in a very narrow gap, it is 
reasonable to assume that the pressure does not vary 
significantly across the gap; i.e.y 
Reh^ 
, m+1 » 1 (7) 
In the limit (h+0), keeping Reh << 1, we find from Equation 
7 that m should be at least greater than 1. Equation 6c 
reduces thus to = 0. Therefore, it is assumed that the 
dz 
2 
vertical velocity component u^ is of the order of h . 
Setting m=2 in Equations 2a,b,c,d and neglecting the terms 
of small order of magnitude under Assumptions 5a,b, we obtain 
iE _ 
3x 
-
3y 
1 
Reh^ 
= 0 
Reh^ 3z^ 
0 
(8a,b,c,d) 
The solution to Equations 8a,b,c,d is given by 
and 
"z = 0 
^ + A. 0 
(9a,b,c,d) 
8 
The boundary condition of no slip at the surface of the 
cylinder cannot be satisfied. Hence, if only the normal velo­
city component is required to vanish at the surface of the 
cylinder, the problem becomes one of finding a solution to 
the Laplace equation 
V^p = 0 (10a) 
with the boundary conditions 
=0 at the surface of the cylinder, where n is the 
normal component. 
(10b) 
The normal velocity component is 
2 
^^2 (z -l)!^ and tends to the prescribed velocity 
as r becomes large. (10c) 
If we compare Equations 10a,b,c with the case of a two 
dimensional potential (irrotational) flow of a perfect fluid 
around a cylindrical body of arbitrary cross section governed 
by the following equations; 
V^(|)* = 0 
=0 at the surface of the cylinder y (lla,b,c) 
dd>* 
tends to some prescribed value 
as r becomes large 
9 
where <j)* is a velocity-potential, we find that solutions 
of these two sets of equations are identical except for the 
2 
factor - ^ 2^ (z^-1). The equal velocity-potential lines in 
the latter case become the equal pressure lines in the 
Hele-Shaw flow problem [1]*. And the orthogonal trajectories 
of the equal pressure lines are the streamlines. The condi­
tion of no slip at the plates is obviously satisfied by the 
solution since u^ and u^ vanish at z=+l. Consequently, 
under Assumptions 5a,b the Hele-Shaw flow can be summarily 
characterized as follows: 
(1) The solution of the Hele-Shaw flow is obtainable 
from some potential flow field^ (12a) 
(2) The condition of no slip is satisfied at 
the plates; i.e., u^=uy=u^=0 at z=+^l, but (12b) 
(3) The no slip condition is not met at the 
surface of the body.. (12c) 
In the case of the unsteady Hele-Shaw flow the problem 
becomes considerably more complicated; not only is the flow 
time-dependent but also some secondary steady streaming will 
be induced. However, in this study the problem has been 
investigated analytically by making use of the special 
characteristics of the geometry of the Hele-Shaw cell. The 
problem was also studied experimentally. 
The main objectives of this study were: 
* 
The bracket denotes the reference. 
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(1) To investigate a pulsating flow field in a Hele-
Shaw cell, especially in the presence of a 
cylinder, and 
(2) To find the applicable range of the analytical 
solution through an experimental study. 
11 
II. REVIEW OF LITERATURE 
In 1897 Hele-Shaw [2, 3, 4, 5] conducted an experimental 
investigation of the steady flow of a viscous liquid past a 
cylindrical obstruction which was confined between two 
closely spaced parallel plates (see Figure 1). He discovered 
that at the narrow separation between two plates, and for 
creeping flow through the gap, the streamlines (as shown 
by filaments of colored dye) are closely similar to the 
theoretical streamlines in two dimensional potential flow 
of an ideal non-viscous fluid past the cylindrical obstruc­
tion of the same cross section. However, the above in­
teresting phenomenon breaks down near the surface of the 
cylinder; the thickness of this layer is about the same as 
the distance separating the plates. 
The mathematical formulation of the Hele-Shaw flow 
which is obtained from the simplified Navier-Stokes equations 
based on Assumptions 5a,b has been given in Equations 8a,b, 
c,d. The solution was improved by J. Riegels [6] for the 
case of the Hele-Shaw flow past a circular cylinder. This 
was done in the same manner as the Stokes' solution around 
a sphere in a creeping flow. The first approximation is 
obtained from Equations 8a,b,c,d, i.e.. 
12 
u = (1-z^) (1- cos 0 
= -(1-z^)(1+ ij)sin 0 
u.'"=0 
^ (r+ ^ )cos 0 
Reh"^ ^ 
(13a,b,c,d) 
where , Ug^^^, and are the dimensionless velocity 
components of the first approximation in the r, 0, and z 
directions, p is the pressure; all other variables remain 
the same as described in Chapter I. The inertial terms 
which were neglected in obtaining the first approximation 
(Equations 13a,b,c,d) were calculated from the first 
approximate solution, and were then introduced as external 
forces to obtain an improved solution. However, these approxi­
mate solutions fail at the surface of the cylinder because 
the no-slip condition is not satisfied. Moreover, beyond 
the second approximation the solution cannot be easily ob­
tained because of the complex equations involved. Hence, 
Riegels only carried out the second approximate solution, 
which is 
13 
Reh^ (SSÊ^ - ^ 
u, 
( 2 )  _  
= Reh 2 sin 20 
Reh' 
_(2) _ 24h^, 1 cos 28, 
where 
(14a,b,c,d) 
_ _ h® h^ llh^ 1 
- Î5 " 3 35 - " 21 
^ ^ÏÔ5 " Î5 " W 21' 
(15a,b) 
( 2 )  ( 2 )  ( 2 )  
and , Uq  , and are the dimensionless velocity 
components of the second approximation in the r, 6, and z 
( 2 )  directions, respectively; p is the pressure. Therefore, 
the solution obtained by Riegels becomes 
^r 
II P
 
+ + 
^0 
+ + 
+ + 
P = p( i>  + + 
(16a,b,c,d) 
The second approximation superimposed on the first approxi­
mation indicates that the streamlines are not symmetric about 
the line 0= jtt. The maximum difference of the streamlines 
based on the first two approximations and those on the first 
14 
approximation only occurs in the planes z'=0 and z'=0.75h'. 
two planes. 
In order to improve the solution near the surface of 
the cylinder. Thompson [7] first used the method of outer 
and inner expansions based on a power series of h. Solutions 
of the zeroth order of h were completely determined. 
The solution of the outer expansion of the zeroth order 
of h is the first approximation given in Equations 13a,b,c,d, 
and the radial and vertical velocity components u^ and u^ 
described by Equations 13a,b satisfy the no-slip condition 
at the surface of the cylinder; the inner expansion is there­
fore developed for the tangential velocity Ug only. 
Expansions of the first and the second orders of h were 
also obtained. For the first order expansion and 
denote the inner velocity components in the radial X and 
vertical Z directions, respectively; where the subscript 
"1" indicates the first order. In order to find the solution 
the governing equations and the boundary conditions of these 
two components and are transformed to 
This difference is +0.0476 Reh^ and -0.0303 Reh^ at these 
= 0, *=^(X,Z) (17) 
and 
(18a,b) 
at X = 0 
15 
||=T(Z) at X = 0 \ 
> (18c,d) 
^ = 0 as X->-a> J 
—4 3 2 g2 2 
w h e r e  V  =  (—=• + —and T(Z) is a known function of Z. 
3X 'bTT 
The first boundary condition denotes the no-slip condition 
at the surfaces of the plates; the second and the third 
conditions indicate the no-slip condition at the surface 
of the cylinder; the fourth one indicates both velocities, 
and W^, approach zero as X becomes large. To find \p 
Thompson let 
" C -k X 
If) = Z e " é (Z) (19) 
n=0 
where C = A + iB . Substituting the above expression for 
n n n 
—4 ijf into the biharmonic equation V Jp = 0 gives a fourth order 
ordinary differential equation for (j)^: 
+ %*+ = 0 (20) 
The boundary conditions that -^ = -^ = 0 at Z=+l and that i{) 
should be an odd function of Z yields 
<l)jj(Z) = (1 + cos 2k^)sin k^Z - 2k^Z cos k^Z (21) 
where 
sin 2k^ = 2k^ (n=l, 2 , . . .  ) (22) 
The constant C can be determined from the Fourier 
n 
16 
transformation of the boundary condition, = T(Z) at X=0. 
However, the boundary condition that 0 at X=0 requires 
that should be identically zero. It seems that this 
boundary condition is not satisfied. Consequently, the 
solution for the biharmonic function Tj) subject to the above 
boundary conditions cannot be formulated so simply. 
The flow of an incompressible viscous fluid in a 
long channel of circular section due to a periodic pressure 
gradient has been considered experimentally by Richardson and 
Tyler [8], and theoretically by Sexl and numerous others 
[9]. The case for unsteady flow in a channel of square 
section was solved analytically by Drake [10]. This type 
of flow has been shown to exhibit boundary layer character­
istics near the wall and to behave as a nonviscous fluid in 
the central core. This phenomenon has also been discussed 
by Stedman [11]. 
In an oscillating stream around an obstruction the 
phenomenon of secondary flow was discovered long ago. The 
theoretical explanation was given by Rayleigh [12], and con­
firmed experimentally by Andrade [13]. Schlichting [14] 
considered the case of an oscillating cylinder in fluid 
at rest. Holtsmark [15] studied the two dimensional flow of 
an oscillating incompressible fluid near a circular cylinder 
theoretically and experimentally. The first approximation 
which is constructed from the solution of a perfect fluid 
17 
oscillating around a fixed circular cylinder gives a modified 
field of oscillation near the cylinder due to the viscosity. 
The second approximation gives a secondary oscillating flow 
with both the radial and tangential velocity components 
oscillating with frequency 2w' and decaying to zero as r ^ 
as r approaches infinity. The secondary steady streaming is 
also given by the second approximation; the radial velocity 
component does not vanish at infinity, and the tangential 
velocity goes to zero as r~^ for large values of r. The 
ratio of the maximum value of the secondary steady streaming 
velocity to the velocity amplitude of the oscillating fluid 
sufficiently far away from the cylinder is about 0.022. 
The solution also indicates that in every quadrant there 
exists a vortex. Outside these vortices the induced steady 
streaming flows toward the cylinder from the above and the 
below, and moves away in both directions parallel to the 
oscillation. 
18 
III. ANALYTICAL SOLUTION OF UNSTEADY 
HELE-SHAW FLOW 
Two methods have been utilized to study the problem of 
unsteady Hele-Shaw flow. The first method is based on the 
technique of successive approximations. This solution can 
be generated to any higher successive approximation. How­
ever, this expansion is not valid throughout the whole field. 
Hence, the second method, based on the concept of outer and 
inner expansions, is further used to cope with this dis­
agreement. Before we discuss these two methods, some 
specific characteristics of this unsteady flow problem will 
be discussed. 
A. Basic Equations 
In the present problem the cylindrical obstruction is a 
circular cylinder which is placed in a pulsating stream 
parallel to the x'-axis. The governing equations are con­
sequently expressed in polar coordinates ; the coordinate 
system is chosen such that its origin lies at the center 
between two plates, and the r'-9' plane is parallel to the 
plateç. The z'-axis is perpendicular to the r'-0' plane' (see 
Figure 3). The complete Navier-Stokes equations for an 
incompressible fluid are 
V 
/////////////////// (//('//////////, 
f 
' / / / / / / / / / / / / / / / /  / {  , //////////////////r 
1 o 
/ / / / / " / / / /  W 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 .  
Far away from 
cylinder the flow 
field is described 
by Equations 24a,b^c 
A 
t_ 
Section 4-4 
Circular cylinder obstruction 
with radius a' 
< r [ .  e ' )  A  
J 
M U> 
Fig. 3. Sicetch of Heie-Shaw cell 
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^  - = 4 ^ - w n ; = - i  n ; -
v{|j.r|r|^(u'rMl (23a) 
v{|p-[^  Ip-(Vr')] + ^  ^ + ^ >(23b) 
: + +s:i& + «'ë: = -iK + 
v{ir &T(r'|^) + ^  gfl ^ 1^} (23C) 
and the continuity equation is 
pr Ip"^^'^'^ + Pr + ^  = 0 (23d) 
where u*, v', and w' denote the velocity components in 
the r', 6', and z' directions, respectively; v and p 
are the kinematic viscosity and density of the fluid, 
respectively. 
B. Pulsating Flow in 
Parallel-Plate Channel 
At a great distance from the cylinder the flow field 
is governed by the equations 
21 
- ^  = K' cos w't' \ (24a,b,c) 
where is the velocity component in the x'-direction of 
this simple pulsating flow; K' is a known pressure-gradient 
amplitude and w' the specified frequency of the flow. For 
convenience, complex notation is used, and Equation 24b 
becomes 
- ^  = K' expEiw't'] (25) 
where only the real part has physical significance. The 
boundary conditions are 
U' = 0 at z'=+h' 
P ~ 
( 2 6 )  
1. Velocity distribution of pulsating flow in parallel-
plate channel 
The solution of Equations 24a,b,c is 
IK' 
°p = 
cosh /r R 
- 1) exp[it] (27) 
w 
where 
2 ' 
iT 1 (28a,b) 
22 
and 
t = t'w' (28c) 
The sectional mean-velocity is obtained by integrating 
the velocity from -h' to h' and dividing by the thick­
ness of the gap, 2h'. Thus 
Û"' = 7^(—-— tanh /£ R -1) exp[it] (29) 
P ^ /r R ^ 0) 
or, the real part becomes 
P 
where 
Up = u; cos(t-*^,) (29') 
u; = i (30a) 
& = { [1- —n è p—(tanh + tan^ — tanh — 
2J!l(l+tan2 ^  tanh" JiL) /2 >/2 
/2 /2 /2 
+ tan-^ - tanh"— tan—) ] "+ [ 
J2 ^ 'zJid+tanh^^ tan^fsL) 
/I 
1 
(tan—^ - tan— tanh"-^ - tanh—^ - tan"—^ tanh—^) ] " }" 
/2 /2 /2 /2 /2 /2 
and (30b) 
1 R. oR„ R,, 
tan —[1— « IS D (tanh— + tan — tanh— 
P 2^(l+tan2!!2tanh2jli) /2 /2 
yf2 ^n /I 
23 
R R R 
+ tan— - tan— tanh^ —)]/[ 
n /2 - "2^(i+tanh2^tan2jil) 
^n /2" /2 
R. R,. oR. R oR. R.. 
(tan tan— tanh tanh— - tan — tanh—) ] 
/I /S" /2 /2 /2 
(30c) 
The velocity U* is the sectional mean-velocity amplitude 
which will be used as the velocity scale in the following 
analysis, and (()=-, is the phase shift of ÏJ' with respect to 
P 
the pressure gradient. The term ^  is a nondimensional term 
which includes the effect of R^ on the relationship between 
the velocity and the pressure gradient. The variation of K 
and 1/K with R^ are shown in Figure 4. The velocity given 
in Equation 27 can be expressed in its real form and further 
nondimensionalized by U*, so we have finally 
U' 
Up = = K[Upl cos(t-(j)y ) (27') 
where 
, R z R,.z R R. 
[U ]= 5 = 5 [cosh—cos cosh-^os 
,R ^ ,R,^ R z R z R R , «R ^R _ 
cosh —COS —ksinh sin sinh-^in sinh -^in —] + 
1 / 2 / 2 / 2 / 2 / 2 / 2  / 2 / 2  
[cosh^os^inh^^in^ -cosh^!^os^!^inh^in^] 
/ 2 / 2 / 2 / 2  / 2 / 2  / 2 / 2  
(31a) 
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25 
and 
A I+. -Ir 2^0) <|)„ = tan [cosh—— cos—— cosh—cos cosh —cos — 
/2 ^ /2 /I /2 /2 
R z R z R _ R _ „R,, -R , 
+ sinh-î^—sin—^ sinh—sin sinh —sin —]/ 
/2 /2 /2 /2 /2 /2 
R. R. R z R, z R z R z 
[cosh—cos—sinh—— sin cosh cos—^ • 
/2 /2 /2 /2 /2 /2 
R . R . 
sinh—sin—] | 
/2 /2 (31b) 
(J)y is the phase shift of the velocity U as compared to 
P ^ 
the pressure gradient, and [Up] is the amplitude of Up. 
Hereafter, most unprimed variables are nondimensional 
quantities, and any exception will be noted. 
2. Physical meaning of parameter R^ 
The velocity profile Up over the section and the phase 
shift <|)y of the velocity relative to the pressure gradient 
P 
are calculated and presented in Figures 5a,b,c. The velocity 
Up is positive at t=0, 2it, and is negative at t=tt in Figure 
5b; Up is positive at t=l/2n, and is negative at t=3/2n in 
Figure 5c. Two limiting cases can be further discussed. 
First, as R^ approaches zero, i.e., the effect of pulsation 
is negligible, and we have 
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k -
("u = = 0 
and 
I T .  I  2  
•(1-z )cos t 
(32a,b,c) 
This is simply a parallel flow between two parallel plates 
separated by a gap with spacing 2h', under the pressure 
gradient, ~ = -K' cos w't". The velocity is in phase 
with the pressure gradient. On the other hand, if R (0 
becomes very large, the flow field described by Equations 
27, and 29 reduces to 
Ôp = ^ COS (t- |) 
K ' IT U' = —r cos(t- y) in the central core 
p W A 2 
U' = ^  
p aT /2 {1-cos (1-lzl)]} cos t /2 
near the plates 
} (33a,b,c,d, 
Hence, at high values of R^, the fluid behaves as a perfect 
fluid in the central core, where the velocity lags the 
pressure gradient by 90®. However, near the plates the 
velocity distribution is changed and described by Equation 
30 
33e, and the velocity is in phase with the pressure gradient. 
Thus, at high values of there exists a viscous layer along 
the plate, which does not grow longitudinally [10]. 
The parameter represents the ratio of the force due 
to local acceleration to the viscous force, and its main 
effect over the flow field is on the shape of the velocity 
profile. As R^ increases, the inertia force increases, and 
consequently, if the applied force remains the same, this 
increase in the inertia force is provided at the expense 
of reduced viscous force. This in turn means a reduction of 
the velocity gradient in the central core where the accele­
ration is the greatest, and the gradient of the velocity 
profile then becomes steeper near the plate [11]. 
C. Pertinent Parameters in Unsteady 
Hele-Shaw Flow 
In order to compare, and hopefully to drop some terms 
of small magnitude in the governing equations, we have to 
estimate the order of magnitude of each term. It is apparent 
that except for the spatial and time coordinates, r *, 6', 
z', and t•, the pertinent parameters are w', h', a *, U* and 
V. Let us denote the dimensions of time and length by T 
and L, respectively. Then, the dimensions of the above 
pertinent variables are 
31 
W : ^  
U* : ^ 
1/ 
T 
Three Pi terms can be grouped; they are h'/a', 
u;a' 
V 
-, and 
1 
2 2 2 2 
—) . The term —) is defined as in Equation 28a. 
The significance of R^ has already been discussed. The 
u;a' 
dimensionless parameter ^, is the ratio of inertia forces 
due to convective acceleration to the viscous forces. These 
three parameters are independent and dimensionless. Con­
sequently, the general solution should be expressed as 
follows : 
u '  u '  ( r ' .  
CD 
2 '  ,  t ' .  h .  Re, 
V *  u *  ( r ' .  0 ' r  Z '  f  f  ,  h .  Re, 
w '  w '  ( r ' .  8 %  z ' ,  t %  h .  Re, 
p '  p '  ( r ' ,  8 ' ,  Z '  r  f ,  h .  Re, 
where 
(34a,b,c,d) 
and 
Re = 
h = 
u;a' 
(35a,b) 
32 
D. Governing Equations in Unsteady 
Hele-Shaw Flow 
It is apparent that a' and h' are two reference lengths 
for the radial distance r' and the vertical distance z', 
respectively. Therefore, we have 
r = g-r (36) 
z = gr (28b) 
For the reference velocity, U* of Equation 29* is used. 
Thus, velocity components are written in dimensionless form 
u' 
W 
^ u; 
1 (37a,b,c) 
The time, t', is nondimensionalized in the form 
t = t'o)' (28c) 
In the present problem the local acceleration should be 
of the same order of magnitude as both the pressure force 
and the viscous forces, since the former is the generating 
force (applied) and the latter is a dominating one. The 
local acceleration and the viscous forces are of order of 
magnitude of ^  as will be shown in Equations 39a,b. It 
33 
follows that the pressure force will be of the same order 
of magnitude as the viscous and inertia forces if p' is of 
order of ^  so that 
h"^ 
2 
p = P (38) 
pu; 
Expressions 28b,c, 3 6 ,  37a,b/C, and 38 can be substituted 
into Equations 23a,b,c,d (and changing 0' to 6 for consis­
tency) to yield the equations of motion and continuity in 
nondimensional form; 
p 2 
1 w 3v , 3v , V 9v . uv . 1 , 3v _ 1 3p , 
& '39b) 
fe^ ^f7> («=) 
and 
I If + I 0 + H = » (3M) 
34 
The order of magnitude of the different velocity components 
has not been considered in these equations. 
E. Successive Approximation Technique 
The basic idea of the successive approximation method 
is to obtain a solution (the first approximation) from the 
simplified governing equations which is then substituted back 
into the Navier-Stokes equations and the continuity equation 
to hopefully obtain an improved solution. "Improvability" 
is an important criterion used in this method of successive 
approximations. Sometimes, improvability is poor. For 
example, in the simplified governing equations certain higher 
order derivatives may often be neglected to facilitate the 
development of the mathematical solution. Thus, some 
boundary conditions cannot be met. This gives rise to some 
"singularity". As will be seen later the solution obtained 
by this method for the Hele-Shaw problem is accurate except 
for the region near the surface of the cylindrical obstruc­
tion. 
In Equations 39a,b,c if we make-a similar assumption 
as we did for the steady Hele-Shaw flow, i.e., 
h^ « 1 (40) 
we find that the second order partial derivatives with 
respect to z are much greater than the remaining viscous 
35 
.2 
terms. Hence, only terms of —5- are retained in the portion 
of Equations 39a,b,c representing viscous effects. As noted 
previously the order of magnitude of the three velocity com­
ponents u, V, and w was not considered in Equations 39a,b,c,d. 
It was pointed out in Chapter I that the vertical velocity w' 
2 is of the order of h . The velocity w' can be therefore 
nondimensionalized as 
w = (41) 
(to replace Equation 37c) in order to compare the order 
of magnitude of terms representing the convective accelera­
tion with other terms in the equations of motion. We find 
that the coefficient before the terms representing the 
convective acceleration in the z-direction is in the order 
of h, while the coefficient before other two directions 
r and 0 is of order 1. Hence, the last convective accele­
ration term in each equation of Equations 39a,b is neglected. 
Equation 39c reduces to |^ = 0. Equations 39a,b,c,d are 
thus simplified to 
2 
3u . ._Bu . V 9u v^ 1 3p . 1 3^u 
TJ 2 2 
0) 9v . ..3v , V 3v . uv _ 1 3p . 1 3 v 
.(42a,b) 
36 
H  "  "  
F & C:") i n  +  è  H  =  »  
(42c,d) 
In order to solve Equations 42a,b,c,d we use the method 
of successive approximations. We put 
u = u'^> + u<2' + u'3> 4" • • • y 
V = v'" + v<2) + v'3> + . . . 
w = + w<2) + w'3> + ... * 
p = pd) + p<2> + p<3) • • • i 
(43a,b,c,d) 
where it is assumed that the superscript variables have 
decreasing orders of magnitude, e.g., u^^^ > u^^^ > u^^^, 
etc. The superscript indicates the order of approximation, 
1. First approximate solution 
If the assumptions 
2 Reh << 1 
and 
Reh' << 1  
(44a,b) 
are made, the terms of the first approximation representing 
the convective acceleration are negligibly small compared 
with the terms representing the local acceleration and the 
viscous effects (Equations Ala,b in Appendix A). If the 
2 
velocity w is of the order h then the last term in the 
37 
continuity equation can.,be neglected. The governing equa­
tions for the first approximation become 
Re 
w 
Re 
3u (1) 
at 
3p'" , 1 
3r Re „_Z 
9v (1) 
St 
3 a 
8o'". 1 3^'" 
rse Re ._2 dz 
1 
r 3r 
(ru<l>) 1 8v 
r 30 
(1) 
= 0 
(45a,b,c,d) 
The boundary conditions for the above equations are ob­
tained from the main characteristics of the Hele-Shaw 
flow, i.e., 
U<1> = V<" = 0 
= 0 
at z=+l 
at r= 1 
and 
(1) it 
— = -K e cos 9 as r tends to «> 
(46a,b,c) 
The solution of Equations 45a,b,c,d subject to these 
boundary conditions is given by 
38 
u 
V 
w 
(1) _ 
(1) _ 
.. cosh »/r R z , 
iKe^^( — - 1) (1- ~)cos e . 
cosh VT R ^ r 
.. cosh /r R z , 
-iKe 1) (1+ ^ )sin 6 
cosh /T R r Oi ^ (47a,b,c,d) 
(1) _ 
= 0 
= -K (r+ cos e 
or, in terms of the real parts of Equations 47a,b,c,d 
u 
(1) _ 
(1) 
K[U_] COS (t-<|>.. ) (1 y) COS 8 X 
P ^p r"^ ^ 
-K[U ] COS (t-(|)y ) (1+ ^ )sin 0 
P p r 
w 
(1) _ 
^ (47'a,b,c,d) 
= 0 
(1) _ R. 
-K -- COS t(r+ p) cos 6 
The above solution is actually the product of the solution 
of a pulsating flow in the x'-direction between two parallel 
plane plates separated by a distance of 2h* in the z'-
direction and the solution of a two dimensional potential 
flow around a circular cylinder with a radius a' in the 
x'-y' plane. 
2. Second approximate solution 
The terms of the first approximation representing the 
convective acceleration, which were neglected in solving 
39 
Equations 45a,b,c,d, are introduced as an external force 
in the second approximation. Hence, the equations 
describing the second approximation become 
(1) 3u'^' 1 (1)^ . 1 
9r r 30 : r [Y 9r h 
- î4 £#1 
Reh Reh iz 
. (1) . v<l> 3v<l> . u'" v<l> 1 3P^2> 
" Tî + F— * T [I 
V 3v(2) ^  1 ^ 
( 2 )  
dz 
Reh^ Reh^ 3z^ 
= 0 (48c) 
The last term of the right side of Equations 48a,b involves 
only derivatives with respect to z and the pressure terms 
are independent of z because of Equation 48c. The first 
approximate solution is then substituted into the left 
hand side of Equations 48a,b. However, the convective terms 
of the left hand side of equations are non-linear, we 
must multiply in the real domain and then transfer to 
the complex domain. Then, we have 
40 
Reh Bz' 
(0 
Reh 
au 
Tt 
( 2 )  1 3p ( 2 )  
K 2 cos 26 2 
- ^ xp[2it] a(^-^ 
r r 
+ §18 (: - 4i 
1 3^v'" . 5sl ^  , 1_ _3H£> 
2 ? 
Reh^ 3z^ 
K 
- Y" exp[2it]a 
. „ 2 sin 26 
+ F" ^ H 
Reh^ h 
2 sin 26 
2 rae 
r + F B + E 11 = ° 
} (49a,b,c,d) 
where 
a = 
cosh t/r R, z (0 2 cosh /I R z w 
cosh /i R. cosh /T R 
+ 1 
w w 
(50a) 
e = 
(cosh^ ^  cos^ — + sinh^ ^  sin? 
/2 /2 /2 /2 
[ (cosh cos cosh — cos — 
/2 /2 /2 /2 
- cosh^ — cos^ — 
/2 n 
41 
+ sinh ^  
/2 
Sin 5,' ^sinh sin ^  
n /I /2 
sinh^ — sin 
/2 /? 
+ (cosh — cos 5, sinh Sin V 
/2 
/2 
v/2 /2 /2 
R,, , R z R z « 77 
- sinh — sin — cosh —cos ) ] 
/2 /2 /2 
(50b) 
The second approximation consists of two parts; the 
unsteady and steady flows. Hence, we put 
u(2) = + %(:) exp[2it] 
^(2) ^  ^ (2) ^  ~X2) exp[2it] 
*(2) = *(2) + *(2) exp[2it] 
p(2) ^  -(2) ^  ~(2) exp[2it] 
(51a,b,c,d) 
where and "'b" denote the steady and unsteady parts, 
respectively. Substituting the above equations into 
Equations 49a,b,c,d yields two sets of equations for the 
unsteady flow and the steady flow, respectively: 
1 
? 
Reh 3z 
1 
Reti Bz2 
2iR^2%(2)) LA"' 
2 ar 
aK ,2 cos 26 
•\ 5 
ap/2) 0(k2 2 sin 26 
(52a) 
(52b) 
V-
42 
> (52c,d) 
r 30 
= 0 
and 
1 32^(2) ]_ g (2) 3K^ 2 cos 20 2 , 
° ^^ 7'\ 
1 1 
7 —T 
Reh^ 
3K^ 2 sin 20 
^2 r?B 2 ^3 
)(53a,b,c,d) 
= 0 
These two sets of equations can be solved separately. 
a. Unsteady part of second approximation Solutions 
for u*^) and v^^^ are readily obtained from Equations 52a,b; 
~(2) _ i Reh^r 1 ap(2) _ bk^,2 cos 20 2 \, 
0) 
%(2) _ i Reh^r 1 ao(2) , BK^ 2 sin 20, 
> (54a,b) 
where 
B = [A cosh 1/2T R z + 
cosh /r R^ 
2 cosh /i R z , cosh 2/1 R z-1 0) 1 . . w 
T* . ._.2 4 cosh /r R| 
(55a) 
3 
w 
43 
The unknown function A which depends upon only will be 
determined from the following conditions after the solution 
for p(^) is obtained 
_ ^X2) _ Q at z=+l \ 
Substituting the second approximations for u/^^ and 
into the continuity Equation 52.d, and integrating with 
respect to z gives the second approximation for w^^^ 
y2~(2) + 8 J (54c) 
where 
\~(2) , ^2%(2) 
r !98" 
and 
r Z  
C = I B dz (55b) 
0 
Use of the condition of no slip at the plates, i.e., 
w^2) = 0 for z=+l (57) 
gives 
v2^(2) = - mV (53, 
r 
where 
B dz (55c) 
0 
So far, the condition of no slip at the plates is 
44 
met by all three velocity components. The other main 
requirement of the Hele-Shaw flow is the vanishing of 
the normal velocity at the surface of the cylinder. The 
first approximate solution for u satisfies this condition 
(see Equation 47'a). But, the higher successive approximate 
solutions of u cannot satisfy this condition as noted in 
Equation 54a at r=l. Hence, for the second and further 
higher approximate solutions of u a less restrictive 
boundary condition is imposed. We require that the normal 
velocity vanish at the surface of the cylinder in the sense 
of average, i.e.. 
P.5. in this chapter. This condition provides a boundary 
condition for the pressure at the surface of the cylinder. 
function of z. Furthermore, it is also required that 
as r tends to infinity the pressure gradient approaches 
zero: 
(59) 
This assumption will be further discussed in Section 
As given in Equation 52c p^^^ is independent of z. Con 
sequently, the boundary condition for p^^^ cannot be a 
Through the use of Equations 59 and 60 the solution for p^^^ 
is 
45 
p(2) = Dh^K^tCOS 28 _ 1 ] (54d) 
r 2r* 
Substitution of the expression for p^^^ into Equations 
54a,b (and equating u^^^ = = 0 at z=+^l to satisfy the 
no slip condition at the plates) yields 
9 tanh /T R _ ^ ^ 
4 £i^ - 1 + 
A = — (55d) 
/l R. ^ 4 cosh^ /i R. 
sinh /ZT R 
cosh /2x R .; -
Variations of the real and imaginary parts of the function 
A with R^ are presented in Figure 6. The absolute value 
of both parts is less than 0.01 if R^ is greater than 6. 
After the solution for A is found, we can find the complete 
solution for the unsteady part of the second approxima­
tion by substituting the expression for p^^^ into Equations 
54a,b,c,d and the real part of the solution becomes 
u/^) cos 2t = -Reh^Fcos(2t-0p)^ 
) (61a,b,c 
cos 2t = -Reh^F^Hl2^os(2t-(j) ) 
r 
w^^^ cos 2t = +Reh^G ^  cos(2t-*g) 
cos 2t = +h^E(22Ê__^ i_) cos(2t+4 ) ) 
r • 2r B 
where functions E, F, aind G; and their phase shifts 
(J)p, and <j)Q relative to the pressure gradient are all given 
46 
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47 
in Appendix A ,  and are calculated and shown in Figures 
7a,b,c and 8a,b,c for some typical values of R^. 
b. Steady part of second approximation Following 
the same procedure given in the section (a) the solution 
of the secondary steady streaming governed by Equations 
53a,b,c,d can be obtained: 
5(2' = -Reh^ P(£2£« . 1 ) 
(62a,b,c,d) 
= -Reh^ F sin 28 
r 
r® 
.p"' = +Ëh^ (°°s 26 . 1 , 
r 2r 
where functions Ë, F, and G are given in Appendix A. The 
variations of Ë, F, and G for some typical values of R^ 
are presented in Figures 9a,b,c. 
c. Discussion of second approximation Combining 
both the solutions for the unsteady part. Equations 61a,b,c, 
d, and the steady part,Equations 62a,b,c,d, the complete 
solution for the second approximation is 
(1) (2) 
u(2) = -Reh^FfCOS 26 _ 1 )cos(2t-* )-Reh^F26 _ 1 j (gga) 
r r r r 
(1) (2) 
v(2) = -Reh^pSin.ZG cos (2t-0p) - Reh^F SiS-lÊ. (63b) 
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(1) ( 2 )  
(63c) 
(1) ( 2 )  
(63d) 
The solution consists of two parts: terms marked with (1) 
represent the unsteady part, and terms marked with (2) 
the induced secondary steady streaming. The order of 
magnitude of each part depends mainly upon the two 
For the unsteady part of the second approximation 
the pressure varies with the product of the function E 
as becomes large. Therefore, at large values of the 
unsteady part of,the second approximation is proportional 
h2 
to ^  compared to the first approximation which is in 
the order of 1. On the other hand, if R^ is very small, 
say less than 0.1, E becomes large. However, this range 
in which E is greater than 1 is very narrow. At R^=0.2 
E has already decreased to 0.9 (Figure 7a). Hence, in most 
cases the first approximation will outweigh any other higher 
order approximations. In the case of the steady Hele-
Shaw flow the result obtained by Riegels [6] indicates the 
2 
second approximation is proportional to 0.685h given in 
Equation 14d. In the present unsteady case the function E 
parameters, R^ and Reh 2 
2 
and h ; the function E decreasingly tends to about 0.5 
58 
decreases to 0.685 at R. = 3.0. 
The magnitude of the radial and tangential velocity 
components of the unsteady part in the second approxima­
tion is mainly determined by the function P; the extreme 
of F occurs at the planes z'=0 and z'=0.75h', which coin­
cides with the result obtained by Riegels. His work also 
2 points out that the extremes are 0.0476 Reh at z'=0 and 
2 
-0.0356 Reh at z'=0.75h'. Accordingly, in the steady 
Hele-Shaw problem the secondary steady flow can be reduced 
2 
only by reducing the value of Reh . However, in the un­
steady Hele-Shaw problem the function F varies with R^, 
and decreasingly approaches zero for increasing R^ as shown 
in Figure 7b. At R^=2 the extremes of the function F at 
2 these two planes are reduced to 0.0486 Reh at z'=0 and 
0.0364 Reh^ at z'=0.75h'. 
The vertical velocity component w^^^ in the second 
approximation is proportional to Reh G; and this component 
is very small compared to the other two components. The 
maximum value of G occurs at about the plane z'=0.5h', and 
at this plane this extreme value decreases rapidly to zero 
as R^ increases as shown in Figure 7c. At R^=2 the value 
3 3 
of Reh G is reduced to 0.0536 Reh . In the steady Hele-Shaw 
problem the vertical velocity component in the second 
approximation is proportional to 0.0524 Reh^. 
As pointed out in Chapter I the solution of the 
59 
Hele-Shaw problem for both steady and unsteady flows is 
obtainable from a two-dimensional potential flow field, 
which is used as the first approximation to obtain the 
higher order approximations by the method of successive 
approximations, i.e., 
Shaw^fîow°probîem ^irst approx. + 
2 Reh ,Y Second approx. + ... 
In the steady case y is a constant, whereas for the unsteady 
case Y is a function of R^. Therefore, in order to reduce 
2 the contribution of the second approximation, Reh must 
be small. But, in the unsteady case y is a function of R^, 
which rapidly decreases to zero for the velocity and tends 
1 
to 25^ for the pressure for increasing R^. Viewed in this 
sense the contribution of the second approximation is 
negligible at large values of R^ in the unsteady Hele-Shaw 
2 flow regardless the value of Reh . Hence, in this situation 
2 the requirement that Reh << 1 is not so important and 
the first order solution of the unsteady Hele-Shaw flow 
(Equations 47a,b,c,d) outweighs any higher order approxima­
tions . 
The above interesting phenomenon is due in part to 
the fact that the higher the number R^ the flatter the 
velocity profile across the section between the plates. There­
60 
fore, the layer where the friction or viscosity effects are 
important are confined to an increasingly thin layer along 
the plates as increases. The flow field thus approaches 
a uniform flow oscillating around a cylinder at higher 
values of R. 
w 
The terms marked with (2) in the solution of Equations 
63a,b,c,d are the induced steady streaming which is super­
imposed on the oscillatory motion. This steady flow has 
its origin in the convective terms and is due to the inter­
action between inertial and viscous effects. The first 
approximation doesn't indicate the steady streaming, because 
the governing Equations 54a,b,c,d do not include the con­
vective terms. The order of magnitude of the steady 
streaming is dependent upon the functions Ë", F, and G which 
have been computed for some typical values of R^ and are pre 
sented in Figures 9a,b,c, As mentioned before, the contri­
bution of the first order approximate solution outweighs 
any other additional parts in the solution unless the values 
of R^ is very small, and it is noted that the functions E, 
F, and G decrease rapidly with increasing R^. 
In some of the previous work [14,15] on oscillatory in­
compressible flow around a circular cylinder the method of 
successive approximation has been used. The two-dimen­
sional potential solution around the cylinder is first 
obtained and substituted back into the convective terms. 
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The resulting differential equations involving r and 6 are 
then solved for the velocity and the pressure. The boundary 
condition of no slip at the surface can be met by both 
oscillatory and steady flows. Away from the cylinder the 
oscillatory flow tends to the given prescribed conditions 
and the steady flow tends to zero. However, in the present 
work, because of the special geometry, the solution is ob­
tained differently even by the same method of successive 
approximation. The present solution is obtained by inte­
gration making use of the first order approximation. 
The equation is integrated with respect to z, subject to 
the no slip condition at the plates to obtain the approxi­
mate solutions for u and v. Then, from the equation of 
continuity an expression for the velocity component w is 
obtained. All three approximate solutions for u, v, and 
w involve an unknown pressure. The condition that w must 
vanish at the plates results in a Neumann problem for the 
pressure. However, the pressure is not a function of z 
under the present situation, and the approximate solution 
for the pressure cannot meet the boundary condition at 
all points on the surface of the cylinder. This is why a 
less restrictive boundary condition at the surface of the 
cylinder is imposed which requires that the normal component 
of velocity of both oscillatory and induced steady flows 
vanish in the sense of average (see Equation 59). With this 
62 
in mind it is then understood why the oscillatory and the . 
induced steady flows of the second approximation in Equations 
63a,b,c,d do not satisfy the no slip condition at the 
surface of the cylinder; Therefore, the method of successive 
approximation does not provide a correct description of 
both secondary steady and unsteady flows near the surface 
of the cylinder. Far away from the cylinder the radial 
and tangential velocity components of the secondary steady 
flow decay as r while the vertical component decays 
— 6  
as r 
In principle, any higher order approximation can be 
obtained by following the procedure given in Sections 
(a) and (b). However, in all cases the calculation becomes 
so complicated that it is not practical to carry the pro­
cedure beyond the second approximation. The solution 
(Equations 63a,b,c,d) expanded in terms of h is not valid 
in whole field. Recalling the basic procedure used to 
obtain the successive approximation, we can easily infer that 
no matter what order approximate solution is obtained it is 
not uniformly valid. In order to overcome this disagree­
ment at the surface of the cylinder the solution should be 
supplemented by another expansion which is valid near the 
surface of the cylinder. This will be discussed in the next 
section. 
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P. Outer and Inner Expansions 
As noted in the previous section the expansion in 
terms of h obtained by successive approximations is not 
valid in the whole field. It fails at the. surface of the 
cylinder; therefore, another expansion in terms of h but 
treated in a different way is needed. Let this "other 
expansion" be called the inner expansion. All variables 
remain the same except the radial distance, r. The inner 
expansion is required to satisfy the following conditions; 
(1) The condition of no slip at the surface of the 
cylinder, and (64a) 
(2) Asymptotic joining of the inner expansion and 
the outer expansion. (64b) 
In the previous section it was shown that the expansion ob­
tained by successive approximations fails at the surface 
of the cylinder. It will be also found later that the 
outer expansion suffers the same trouble. The first condi­
tion in Conditions 64a,b which the outer expansion fails to 
satisfy, is now satisfied by the inner expansion. In using 
the method of outer and inner expansions to solve the 
problem, we proceed in the following pattern; 
64 
Starting with 
outer expansion of 
the zeroth order 
of h 
Inner expansion of 
the zeroth order 
' of h 
Outer expansion of 
the first order of 
h 
Inner expansion of 
* the first order of 
h 
Outer expansion of 
the second order 
of h 
Inner expansion of 
—» the second order 
^ of h 
1. Equations of outer expansion 
As shown in Chapter I the vertical component of velocity 
w starts with the second power of h, the outer velocity 
components and pressure are supposedly expanded as a simple 
power series in h as follows: 
2 3 
u = Uq + hu^ + h Ug + h u + ... . 
2 3 V = Vq + hv^ + h Vg + h Wg + ... 
Hereafter, the arabic subscripts indicate the order of 
solution. Substituting Expressions 65a,b,c,d into Equations 
39a,b,c,d will yield the governing equations for the outer 
expansion (see Appendix B). 
(65a,b,c,d) 
w h^Wg + h^Wg + 
P = Pg + hPi + h^Pg + h^Pg + 
65 
2. Zeroth order of h of outer expansion 
The governing equations for the outer expansion of 
the zeroth order of h are obtained by taking h to be zero 
in Equations B2a,b,c,d in Appendix B 
Ri" 3t 95" + Rg" dz' 
V 2:0 
Re 8t 
3Pn 
1 9P0 1 
3z 
= 0 
F h (r*o) + F 98^ = 0 
(66a,b,G,d) 
It is interesting to note that the simplest governing 
equations for the outer expansion are the same as Equations 
45a,b,c,d which generate the first approximate solution of 
the previous section. Thus, we can conclude that the outer 
expansion suffers the same invalidity as the solution 
obtained by successive approximations in Section E. With 
a simple change in the notation of Solution 47a,b,c,d the 
solution of the zeroth order of h can be written as 
. cosh /T R z 1 
Un =iK G! —  - 1) (l~)cos 0 
cosh /T R . r 
w 
. cosh i/r R z , 
V. =-iK ( — - 1) (1+Ay)sin 8 
cosh /i R. r 
(67a) 
(67b) 
0) 
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w„ = 0 (67c) 
= -K W 
Re e^^(r + i)cos 9 (67d) 
or, the real parts become 
= 
v_ = 
K[U ] cos(t-(j) ) (1- —cos 0 
P "^p r": 
-K[U ] COS (t-(J) ) (1+ —K-)sin 6 
P "p r"= 
Wq = 0 
Po -K (r + p) cos 0 COS t 
(67'a,b,c,d) 
where k and [U ] are given in Equations 30b, and 31a, 
respectively. Re = 
u;a' 
„ and R, . 
3. Equations of inner expansion 
The outer expansion is not valid in the whole field. 
The above tangential velocity, Vq, does not satisfy the 
condition of no slip at the surface of the cylinder. There­
fore, the inner expansion is introduced such that Condi­
tions 64a,b are satisfied. We image a layer between the 
surface of the cylinder and the dashed circle as shown in 
Figure 10. The dashed circle is the inner limit of the 
region where the outer expansion is valid. This layer is 
of h' in thickness. Inside this layer in which the inner 
expansion is valid we choose a variable, say X, such that 
Conditions 64a,b are satisfied in the following way; 
Oufer region where outer expansion 
is valid. 
Inner region where y 
i n n e r  e x p a n s i o n  i s — /  
valid. / ^ 
Flow direction % 
Outer and inner \ 
expansions are matched 
along dashed circle.— 
\ r^l-k-hX 
<y\ 
Circular cylindrical 
obstruction with 
radius a* 
Fig, iO. Regions of outer and inner expansions 
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(1) The no slip condition at X=0, i.e., at the 
surface of the cylinder, and 
(2) The matching of the inner expansion with the 
outer expansion as X^«>. 
Hence, we define 
r = 1 + hX 
Then we have 
3r h 3X 
And, furthermore 
(68) 
(59) 
u 
V 
w 
p 
t 
e 
z 
u 
V 
w 
p 
T 
0 
Z 
(70a,b,c,d,e,f, 
Hereafter all variables in the inner expansion are capi­
talized. It is also assumed that the inner solution can be 
expanded in a power series as follows : 
U = + hUj^ + h Ug + ... 
V = Vq + hV^ + h Vg + ... (71a,b,c,d) 
W = hVI^ + h #2 + ... 
P = Pq + hP^ + h Pg + ... 
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In the outer expansion of the zeroth order of h the radial 
and vertical velocities, Uq and Wq, satisfy the condition 
of no slip at the surface of the cylinder. Hence, in the 
inner expansion the zeroth order of the radial and vertical 
velocities, Uq and Wq, are identically zero. Substituting 
Equations 68, 69, 70a,b,c,d,e,f,g and 71a,b,c,d into 
Equations 39a,b,c,d the governing equations for the inner 
expansion are obtained (see Equations B2a,b,c,d). 
4. Zeroth order of h of inner expansion 
Considering the terms of the zeroth order of h in 
Equations B2a,b,c,d, in Appendix B yields the governing 
equations for the inner expansion of the zeroth order of h 
ap 
3X 
- = 0 
Re 3T 
9Z 
= 0 
{72a,b,c,d) 
where 
As mentioned before and are identically zero, so 
70 
only boundary conditions for Vq are needed. Thus 
V q= 0  a t Z = + l  
v. = 0 at X = 0 
(73a,b,c) 
^0 * 'o'r=l ^ 
cosh /I R .Z 
( — 
cosh /I R. 
= -2iK( ;— Dsin 6 exp [it] 
b) 
The first and the third conditions denote the no-slip con­
ditions at the surface of the plates and at the surface of 
the cylinder, respectively; the last one indicates the 
matching condition. The asymptotic value of Vq is obtained 
by evaluating Vq in Equation 67b at r=l. Since Pg is not a 
function of Z, as shown in Equation 72c, it must retain 
R 2 
its outer value, -2K cos 8 exp [it], throughout the 
layer. The outer value of Pq is obtained similarly by 
evaluating Pg in Equation 67d at r=l. Thus, we obtain 
R^ 
Pft ~  Pnl ~ ÔZ— cos 0 exp[iT] (74) 
" "'at r=l 
Substitution of Equation 74 into Equation 72b gives 
R ^ 9 V R ^ 
^ ^ (72'b) 
a. Tangential velocity profile The tangential 
velocity distribution is obtained from Equation 72'b sub­
ject to Conditions 73a,b^c 
71 
cosh /r R..Z 
,  ^  —  — O - Î V  r , ' m  1  1  = -2iK exp[iT.] ( l)sin 0 
cosh /£ R, (jO 
CO 4K(-1)*R 2 2 2 I 
+ z ^ " p exp[iT.] exp[-(iR/+k ^)^X] 
n=0 
COS k^Z sin 0 (75) 
where 
kn = (76) 
or, in the real notation 
Vq = -2K[U ] cos (T-(j)y )sin 0 
P 
' „!o k rCs 
n n w 
cos k„Z cos(T-$« )sin 0 (75') 
" "n 
where > 
jj _ r,^ 2,. 2 4.,. 4.4 ® 
n= cos[(R^ +k^ )S sin^] 
- R/ sin[(R/+k„^)^x sin^]]2 
1 0 
1 0 1 
+ sin[(R^^k^^)^X (77) 
72 
(j)jj = tan cos [ sin^] 
1 0 
+ sin[(R/+k„«)<x sin^ai]/ 
f (*w*+kn*' ""^1 
1 0 
- R^^ sin[(Ry4+k^4)4x gin^]] } (78) 
and 2 
e = tan'l ^  (79) 
n , 2 
n 
2 is proportional to . Therefore, the coefficients 
of the above infinite series decrease rapidly, and are 
proportional to k^ Only few terms are needed in the 
calculation. Velocity profiles of Vq at Z=0 and 0.5, and 
1 
T=0 and ^  for various R^ were calculated, based upon the 
first ten terms of the infinite series, and are presented 
in Figures lla,b,c,d,e. Velocity profiles of Vq at T=0 and 
2n are the same as that at T=ir except the direction of 
velocity at T=tt is opposite to those at T=0 and 2?. Simi­
larly, velocity profiles at T= jir and ^  are the same but 
with opposite directions. 
As shown in Figures lla,c,d,e at lower values of R^ 
the inner tangential velocity Vq tends increasingly to the 
outer tangential velocity Vq. However, at higher values of 
73 
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R^f Vq tends to the outer value of Vq in an oscillatory 
manner. Hence, in order to determine the actual thickness 
of the inner region Xq where the subscript "0" denotes 
the zeroth order, velocity profiles have been calculated 
up to X=6. From these profiles the thickness of the inner 
region, XQ,can be determined by examining the velocity 
profiles and determining where the inner velocity tends 
to the outer velocity. Thicknesses of the inner region 
at T=0 and •ju, and Z=0 and j, have been determined in this 
way for some typical values of R^ and are shown in Figure 
12a,b. 
As displayed in Figure 12a, at T =  jT T ,  Z = 0  and 0 . 5 ,  
when the magnitude of the outer tangential velocity Vq is 
maximum in the whole cycle Xq decreases as follows: 
Xn = 3.850 - 0.542 R. Z=0 and 0.5, R <3 
0 0) to— 
(80a,b) 
_ 6.65 
0 " Z=0 and 0.5, R >3 0) 
The variation of Xq at T=0, Z=0 and 0.5, is presented in 
Figure 12b with the following equations 
X« = 3.405 - 0.207 
x„ = 
13.570 
0) 
X« = 3.330 - 0.276 
X« = 9.750 
w 
2=0 f \ 
Z—0, R^>6 
2=0.5, R <5 (0— 
Z—0*5, R>5 
- u) 
(81a,b,c,d) 
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Typical variations of Xq with the vertical distance, Z, 
1 
are presented in Figure 12c at R^=3, and T=0 and jir. 
The thickness Xq decreases rapidly with increasing 
R^. This is expected, because as the value of increases 
the velocity profile becomes flatter away from the surface 
and its gradient becomes steeper near the surface of the 
cylinder. This in turn causes the inner region to be more 
nearly confined to a region near the surface. The inner 
region will be called the unsteady boundary layer. Unless 
otherwise stated this boundary layer denotes the layer around 
the surface of the cylinder, in which the inner expansion 
is valid. In the present unsteady Hele-Shaw flow the un­
steady boundary layer does not grow along the surface from 
the stagnation point. Instead the surface of the cylinder 
is always surrounded by a boundary layer of constant 
thickness. However, this thickness varies with time 
with a period of tt from T=0 to T=n. This phenomenon can be 
traced back to the flow situation sufficiently far away 
from the cylinder. From Figure 5b,c we find that the 
velocity profiles change in shape with a period of ir, and 
this is the reason why the unsteady boundary layer changes 
its thickness with the same period. Typical variations of 
the unsteady boundary layer thickness with time are shown 
in Figure 12d for R^=3.0 at Z=0 and 0.5. 
Examining the velocity profiles at T=0 and we 
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find an interesting phenomenon. At lower values of the 
inner velocity tends to the outer velocity exponentially. 
But, at higher values of a sublayer inside the unsteady 
boundary layer exists in which the effect of R is obvious. (U 
The velocity of flow inside this sublayer is much higher 
than the outer velocity. At T= jtt when the outer velocity 
is high the maximum inner velocity is about two times the 
outer velocity. However, at T=0 when the outer velocity 
is small the maximum inner velocity inside this sublayer 
can be as high as one hundred times the outer velocity. 
The flow inside the sublayer is in the same direction of 
that of outer flow. 
After we obtain the thickness of the inner region 
(unsteady boundary layer) we can combine solutions of both 
outer and inner expansions to form the following solution 
of the zeroth order of h; 
Uq = K[Up] cos (t-(J)y ) (1- cos 0 <»> 2 
Vq = -K [Up] cos(t-*y ) (1+ sin 0 
^0 
Wq = 0 
R 2 
Pq = -K (r+ ^ )cos 0 cos t (82) 
Dq = 0 ^0^^ - 0 
WQ = 0 
VQ = -2KtUp] COS (T-4»U )sin 0 
85 
' io VK^Cr^) "n cos^l 
COS k^Z cos (T-(j)jj )sin 0 
n 
R 2 
Pq = -2K cos T cos 0 
b. Shear stress at surface of cylinder Before we 
investigate the shear stress at the surface of the cylinder, 
let the shear stress exerted on the parallel plane plates 
(no obstruction) by a pulsating flow be obtained. From 
Equation 27 the shear stress on the plates is obtained as 
3U' 
^xy at Z.+1 °  ^
"*^0) 
= -y -gT— J cos (T+(j)j) 
(83) 
where the function J varies with and is given in 
Appendix A. The variation of the shear stress on the plates 
for some typical values of is shown in Figure 13a, from 
which it is obvious that at higher values of R the 
yU;R 
amplitude of the shear stress is about —. In the 
Hele-Shaw cell the shear stress, , on the surface of the 
cylinder is also of interest. We have 
Symbol 
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(Tre'o = 
vo;8Vq 
h' 9X 
From Equation 75, obtained and is 
UU*R. sin 0 <» 4(-l)^KR, cos k Z 8 
« /i\ . n\ n . ] 
T 
(84) 
'^re'o = " h. ' L 4.1% f') 
kn(*w +"^11 > 
where "{ )q" denotes the zeroth order shear stress acting 
on the surface of the cylinder. The variation of (t^q)q 
with time at Z=0 and 0.5 is calculated for some typical 
values of and is presented in Figures 13b,c. 
The main concern in Equation 84 is with the amplitude 
of From Figures 13b,c it is seen that except at 
lower values of R the maximum shear stress (T „)„ has an ( j j  T u  U 
amplitude of about 2. Hence, the magnitude of the shear 
2UU;R , 
stress is proportional to approximately jp— . It is 
noted that the amplitude of shear stress on the surface 
of the cylinder is double that which exists at the plates. 
This increase is expected. Along the plates the velocity 
changes from U* in the central core to zero at the 
surface of the plate; however, the inner tangential 
velocity changes from 2U^ in the outer region to zero at 
the surface of the cylinder. 
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5. Expansions of first order of h 
Solutions of the first order of h of both.the outer 
and inner expansions have been partly obtained in Appendix 
C. The pressure including the first two orders is 
where the functions L and (()^ are given in Appendix C. 
The pressure obtained by the method of successive approxima­
tions does not have a term involving h (see Equation 63d), 
and therefore, a comparison, term by term, of these two solu­
tions for the pressure cannot be made. The variation of 
the function L is shown in Figure 14. 
The assumption given in Equation 59, i.e.. 
can now be checked. Since the integration is carried out at 
the surface of cylinder, the inner expansion 
U = Uq + hU^ + ... 
is needed. The velocity Ug is identically zero, and has 
already been obtained in Appendix C, i.e.. 
p = -K g^(r- p) cos 0 cos t - hK 
(85) 
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exptiT.Icos 0 +iK exp[iT] ( 
cosh /r R Z 
w 
cosh vT R , 
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(2X cos 0 - cos 0) 
- 4K(-1)"r^ 2 2 I 
+ Z exp[iT.l exp[-(iR +k ) X] 
COS k Z cos 0 
n 
where ip and are given in Appendix C. The integration 
of the first term, j dZ, is zero as given in Equation 
C21. At the surface of the cylinder we have X=0. . 
Hence, equating X=0 in the above expression for and 
substituting into the integrate gives 
u dz 
-1 at r=l -1 
dZ 
at X=0 
However 
= K exp [it] cos 0 
00 4iR 
tanh vT R 
w 
/i R. 
- 1] 
- Z 
n=0 
w 
372 
0) 
<» i 4R 0) 
372 
1 - tanh /T R 
r / x  R  (0 
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Consequently, we have 
1 
u dz 
-1 
= 0 
at r=l 
Thus, as far as the first order solution is concerned, the 
assumption given by Equation 59 is correct. In the steady 
Hele-Shaw problem Thompson [7] showed this assumption is 
incorrect by using the second order solution. 
As mentioned before the secondary steady streaming 
has its origin in the convective terms, so, the steady flow 
will appear only in the solution including at least the 
terms of the third order of h. But, the governing equations 
would not longer be linear. Nonlinearity will almost defy 
any attempt to solve the problem analytically. On the other 
hand, if h is small, the terms of higher order in h would 
not contribute very much. Moreover, all these higher order 
terms depend on some parametric function (the first order 
term is a function of L) which decreases rapidly with in­
creasing R^,. Hence, the solution including the higher order 
terms of h has not been further investigated. 
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IV. EXPERIMENTAL EQUIPMENT 
AND PROCEDURES 
All experiments were performed in the Fluid Mechanics 
Laboratory of the Engineering Mechanics Department at Iowa 
State University. Measured quantities consisted of the 
pressure gradient in Equation 24b in Chapter III, the 
pressure distribution along the positive x-axis and along 
the surface of the cylinder. The main objective of the 
experimental investigation was to establish the range of 
validity of the theoretical solution given for the pressure 
distribution. The following paragraphs provide concise 
information about the equipment and procedures, and the 
results are presented in Chapter V. 
A. Experimental Equipment 
The major pieces of experimental equipment consisted of 
the following; 
Flow system, including pulsator. 
Model (Hele-Shaw cell), and 
Instruments to measure the pressure distribution. 
1. Flow system 
The experiments were conducted in the flow system shown 
in Figure 15a. The overall view of the flow system (in­
cluding the equipment and the model) is presented in Figure 
Conêtont hêod tank 
Scrë9H 
Photocell-
Valve 
Fluid path 
Tube L 
Mode! r and 
Air water 
chamber 
Nontransparent 
styrofoam 
Light source-
Branch J-
éf^End box C _ 
End box 
Tube H-
unnel 
^^oUection tank 
w 
; 
Tube F^ 
ai 
Fig. 15a. Schematic view of flow system 
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15b. The constant head tank was made of Plexiglas and 
provided a hydrostatic head of approximately 3 ft. above the 
model (Hele-Shaw cell). At the same time it also served to 
calm the water from the pump. Hence, the water was not dis­
turbed, and most air bubbles were removed before the water 
flowed into the model. Preceding the model was an air-
water chamber on which two valves were mounted (valve A 
controlling the water from the constant head tank, and valve 
B controlling the amount of air flowing in and out the air-
water chamber during the pulsation). By adjusting the valve 
B various pressure gradient amplitudes K', or corresponding 
flow rates, could be obtained. On one side of the air-water 
chamber was the motor and piston, which generated a harmonic 
motion of the fluid entering the chamber with various 
frequencies and a fixed stroke, about one inch. From the 
chamber the fluid flowed into an L-shaped end box C which 
was used to reduce the effect of the jet coming from the 
tube L so that the flow field in the model was essentially 
two-dimensional. 
Following the end box D was a branch J which divided the 
conduit. The flow in the U-shaped tubing F was controlled 
by the valve E and the flow in the tubing H was controlled 
by the valve G. Both tubes were open-ended. At the end of 
tubing H a funnel was placed on the collection tank. The 
water circulated between the collection tank and the pump. 
Figure 15b. Overall view of flow system 
B-valve F-tubing M-motor and piston N-pressure transducer 
0-photocell P-pump Q-model (Hele-Shaw cell) 
R- recorder (oscillograph) S-styrofoam .T-constant 
head tank U-pressure tap V-amplifier W-air-water chamber 
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and its flow into the constant head tank was controlled by 
the valve I. The system could provide, several different 
modes of flow; steady or pulsating flows# or a super­
position of the flows. 
2. Model (Hele-Shaw cell) 
The model was constructed of two thick sheets of 
Plexiglas about one inch in thickness, which were bolted 
together along the edge with a thin gasket strip between 
the sheets as shown in Figure 16a. The overall view of 
the model is presented in Figure 16b. The thickness of the 
gap was governed by the 0.032 in. thickness of the gasket 
strip which was about one inch in width. In the center 
of the plates a circular hole, one inch in diameter, was 
cut through plates, and a circular cylindrical obstruction 
could be inserted. The construction of the obstruction is 
shown in Figure 16c. Also two cylindrical plugs could be 
installed to change the cell to a parallel-plate channel. 
Hereafter, the "Hele-Shaw cell" will denote the model of 
two parallel plane plates with the obstruction; while the 
model without obstruction will be called a "parallel-plate 
channel". On the upper plate 30 pressure taps were inserted, 
and their locations are listed in Table 1. 
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Table 1. Location of pressure taps 
Pressure x'-coordinate y'-coordinate 
tap no. (in.) (in.) 
1 -17 0 
2 -13 0 
3 -9 0 
4 -7 0 
5 -5.5 0 
6 -5 0 
7 -3 0 
8 -2 0 
9 -1.5 0 
10 -1 0 
11 -0.75 0 
12 0.75 0 
13 1 0 
14 1.5 0 
15 2 0 
16 3 0 
17 5 0 
18 7 0 
19 9 0 
20 13 0 
21 16.5 0 
22 17 0 
23 0 0.75 
24 0 1 
25 0 1.5 
26 0 2 
27 0 3 
28 0 5 
29 0 7 
30 0.5 0 
3. Instruments to measure the pressure distribution 
The equipment consisted of two Statham pressure trans­
ducers, Model P23b, two Brush Universal amplifiers, Models 
BL-520 and RD 561200, a Brush oscillograph. Model BL-202, 
and a photocell. The arrangement of the above equipment is 
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schematically shown in Figure 17. 
The pressure transducer consisted of a thin metallic 
diaphragm with a transparent fluid chamber on one side and 
a strain-gage bridge bonded to the other side. The fluid 
chamber was filled with the working fluid and connected to a 
pressure tap on the upper plate through a B&D one-way 
valve. The deformation of the diaphragm due to the pressure 
change in the fluid chamber caused the strain-gage bridge 
to generate an electrical signal proportional to the 
pressure change. Both signals from the pressure trans­
ducers 1 and 2 were subtracted at the balance box, and a 
signal proportional to the pressure difference was then 
amplified by the Brush Universal Amplifier and finally re­
corded on one channel of the Brush Oscillograph. The 
frequencies of oscillation considered in this study were 
well below the natural frequency of the transducer system. 
A nontransparent styrofoam block floated on the surface 
of the water in the tubing F, beside which a photocell 
was placed. A beam of light passed through the tube F, and 
the photocell generated a signal of constant voltage which 
was recorded on the other channel of the oscillograph. 
However, the signal changed if the light shining on the 
photocell was blocked by the styrofoam in the tubing F. 
Therefore, the photocell was adjusted such that a mark 
was shown on the oscillograph at the moment the water 
Traveling microscope Light source 
Styrofoam — 
Photocell 
Balance box^ Manometer 
Amplifier^ 
Pressure 
transduceryl 
4 way stopcock 
Recorder ik. 
Mode! 
Fig. i7. Arrangement of equipment 
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column in the tubing F was at the highest level in each 
cycle of oscillation. A typical example of the.pressure 
difference, and the event mark is presented in Figure 18. 
B. Experimental Procedures 
1. Flow system operation 
Before recording any data, air bubbles inside the 
model were remo,ved. The steady flow system was used to 
remove any tiny bubbles deposited in the gap. In addition, 
this circulation would cause the water at all points in 
the system to attain the same temperature. Before and after 
each experiment the temperature of water was measured. 
During the experiment measurements of water temperature were 
made about every two hours. It was found that the change 
of water temperature was less than 0.5°C. 
2. Pressure difference measurement 
All electronic equipment was allowed to warm up about 
three hours. This procedure helped to stabilize the zero 
drift of the recorder, and after the warm-up period, the 
recorder had a negligible zero-line drift. 
The pressure distribution was measured along the posi­
tive x'-axis at r=l, 1.5, 2, 3, 4, 6, 10, 18, 26; and 
along the surface of the cylinder for 8=20°, 40°, 60°, 
80°, 100°, 120°, 140°, 160°, and 180°. Two. frequencies, 
Pressure diffêrene» output signal 
Event marte 
o 
00 
Fig. 16. Example of pressure difference output signal and event mark 
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w'=2.67 and 3.10 radians per second,were used for the 
majority of tests. For each frequency three or four dif­
ferent pressure gradients were developed by adjusting the 
valve B (see Figure 15a). Measurements of the pressure 
difference along the positive x'-axis and along the surface 
of the cylinder were referred to the pressure at the 
pressure tap (22) which is the tap the farthest away from 
origin. Therefore, the pressure transducer (2) was fixed 
at the pressure tap (22) , and the other transducer (1) was 
moved to the various locations along the positive x'-axis. 
In measuring the pressure difference along the surface of 
the cylinder the pressure transducer (1) was fixed at 
pressure tap (30) which was on the surface of the cylinder 
and the pressure difference between any point on the 
surface of the cylinder and the pressure tap (22) was ob­
tained by rotating the cylinder. 
For each measurement of pressure difference the 
amplifier was first balanced and the zero-pressure line 
was established for the condition of no flow through the 
system. After the recording the pressure difference on 
the oscillograph for the zero-flow condition was checked 
again. 
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3. Calibration of pressure transducers 
The pressure transducers (1) and (2) were calibrated 
using the system shown in Figure 15a. A steady flow between 
two plane parallel plates separated by a distance about 
0.030 in. was first developed. On the upper plate the two 
pressure transducers were connected to two pressure taps 
which were located within the fully developed flow region 
(Figure 16a). At each discharge the height of the pressure 
head of water was read through the traveling microscope, the 
least count of which was 0.0001 in. At the same time this 
pressure difference as indicated by the pressure transducers 
was recorded on the oscillograph. The calibration was made 
at the maximum gain and the chart multiplier of the amplifier 
set at 10, and the results are presented in Figure 19. Data 
marked with the unfilled circles denote the situation with 
the two pressure transducers at the same level. On the other 
hand, results shown with the completely filled circles 
indicate the case in which the two pressure transducers 
were vertically displaced one inch. As shown in Figure 19 
the reading is not affected by the displacement between the 
transducers as long as the amplifier was balanced. The 
calibration shows that at a chart multiplier setting of 1 and 
maximum gain each one mm reading on the oscillograph is equi­
valent to a pressure head of water 0.025 in. Thus, 
22 
Symbol Displacement 
18 
16 
S 12 
I 10 
•S. 
At chart multiplier setting of 
/ and maximum gain 
! mm of reading ^  0.025 in 
of pressure head of water 
Pressure head of water (in.) 
Fig, 19. Calibration curve for pressure transducers 
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1 mm of reading = 0.025 in. of pressure (86) 
head of water 
The pressure transducers were also calibrated by another 
method. In principle, this was similar to the previous one 
except that (1) the working liquid was now changed to air 
(2) the reference pressure was atmospheric pressure and 
(3) the pressure difference was read by a micromanometer. 
Figure 20a shows the arrangement for this method. The 
previous calibration was made only at a chart multiplier 
setting of 10. However, in this calibration different scales 
of the chart multiplier were used. The results are shown 
in Figure 20b and indicate that each one mm reading at a 
chart multiplier setting of 1 is equivalent to a pressure 
head of water of 0.0235 in. This result is in satisfactory 
agreement with the previous, result. 
Pa Pressue 
transducer^ Pa 
Pitysio graph 
MIcromanometer Balance hax 
Amplifier 
Recorder (oscillograph) 
Pa = Atmospheric pressure 
Fig, 20a. Calibration system 
400 
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XO / mm of roading = 0.02X in. 
of prossuro head of water—_ to 
20 
3 240 
160 / mm of reading » 0.025 in. 
of pressure head of water 
80 
to 
Pressure head at water (in.) 
^C.M. Chart multiplier 
Fig. 20b. Calibration curve for pressure transducers 
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V. EXPERIMENTAL RESULTS 
AND DISCUSSION 
In this chapter experimental results are presented and 
discussed. The main objective is to compare the experimental 
results with theoretical predictions given in Chapter III. 
Many variables can be compared. However, due to the 
difficulties faced in the experiments only the pressure 
distributions have been extensively investigated in the ex­
perimental program. For convenience, this chapter is 
divided into two parts; in Section A the measurements 
taken on the pulsating flow in a parallel-plate channel 
are described, and in Section B the experiments of the 
pulsating flow around a circular cylinder in the Hele-Shaw 
cell are described. 
As shown in Figure 16a, the width of the model is 16 
in. and the diameter of the obstruction is 1.0 in. Hence, 
the ratio of the width of the model to the diameter of the 
obstruction is equal to 16 which is greater than a ratio 
of 15 which has been suggested as the limiting ratio in 
order to neglect the effects due to the seal along the edge 
of the model [5]. The pressure gradient along the y'-axis 
was measured and it was found that this transverse gradient 
for the parallel-plate channel was less than 0.45% of the 
longitudinal pressure gradient in the parallel-plate channel. 
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A. Pulsating Plow in a 
Parallel-Plate Channel 
The chief purposes of this experiment were; 
(1) To locate the fully developed region in the 
parallel-plate channel, 
(2) To determine the "apparent thickness" of the 
gap between plates, and 
(3) To compare the experimental results with the exact 
solution given in Equation 27' in Chapter III. 
1. Location of fully developed region 
The pressure drop along the flow direction in a pul­
sating flow between two parallel plane plates was specified 
(Equation 24b in Chapter III) in the form 
- ~ 1^ = K' cos w't' 
and for fully developed flow the pressure-drop amplitude 
at various locations along the flow direction should be 
linear with distance. A survey of the literature revealed 
no references indicating where the fully developed region 
starts in a parallel-plate channel of the kind used in this 
study. Hence, the information obtained from steady flow 
studies was used as a guide to locate the pressure taps. 
Many empirical formulas have been proposed. One of them 
which is commonly used for pipe flows states that the length 
117 
of the entrance region is about one hundred times the 
diameter of the tube under steady flow conditions. 
In the present model, involving an oscillatory flow, 
the end of the channel near the motor and piston is arbi­
trarily designated as the entrant region, while the other 
end near the branch J is called the exit region, and the 
central portion of the model is the fully developed region 
(see Figure 16a). The two pressure taps located at the 
greatest distance from the origin (center of channel) are 
four inches from the entrance and the exit of the channel 
and the average thickness of the gap between the two plates, 
2h', is about 0.0312 in. Thus, these two pressure taps 
are located at a distance of approximately 126 times 
the thickness of the gap from the entrance and the exit. 
A series of measurements of the pressure drop, referred 
to the pressure at tap (22) was made for four frequencies, 
w'=2.67, 3.10, 3.69, and 4.00 radians per second, and for 
various pressure gradients obtained by adjustments of the 
valve B (see Figure 15a). The results are shown in Figures 
21a,b,c,d, where l^is the measured amplitude of the 
oscillating water column in the tubing F defined in Equation 
87; K' is the measured pressure gradient amplitude repre­
sented by the straight line; U* is obtained from Equations 
30a,b; and v is the kinematic viscosity of water at 25® C and 
g is the acceleration due to gravity (32.2 ^ ^—=•). The 
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apparent half thickness, h', is equal to 0.0162 in. and 
0.0169 in. at w'=2.67 and 3.10 radians per second, respective­
ly. The determination of the apparent thickness between 
the gap will be discussed in the next section. Equation 
24b also indicates that the variation of the pressure 
difference between any two points in the fully developed 
region should vary harmonically with time t'. A typical 
comparison between the sinusoidal curve (generated electron­
ically) and the pressure difference output signal is pre­
sented in Figure 22. 
Figure 22 shows that the present model of the parallel-
plate channel does provide an essentially harmonic variation 
of the pressure difference in the fully developed region. 
However, the amplitude of the pressure drop, K', is higher 
in the entrant region than in the exit region. The reason 
for this phenomenon has not been determined. The expansion 
of the plates caused by the pulsating flow may contribute 
to this phenomenon, and this point will be discussed in 
detail in the next section of this chapter. However, in 
the central portion of the plates the amplitude of the 
pressure drop, K', varies linearly with the distance, x'. 
This is particularly at the lower frequencies. This is 
shown in Figures 21a,b at the low frequencies, such as 
w'=2.67 and 3.10 radians per second. At high frequencies 
this linear region hardly exists except at very low pressure 
SintÊSoida! curve 
Pressure difference between 
pressure taps (17) and (22) 
Event mark 
Fig, 22. Comparison of pressure difference output signai witft sinusoidai curve 
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gradients as shown in Figures 21c,d. Therefore, in this 
experiment two frequencies, to ' =2.6 7 and 3.10 radians per 
second, were used, and at these two frequencies the fully 
developed region appears to extend from the pressure tap 
(3) to pressure tap (22). At high pressure gradient ampli­
tudes, K*, there is a slight curvature in the graph between 
the pressure taps (20) and (22) (not shown in figures) in 
Figure 21a,b. 
2. Determination of the apparent thickness of the gap 
between the plates 
The thickness of the gap along the x'-axis and the 
negative y'-axis was measured, and the average value was 
found to be 0.0312 in. The ratio of the standard deviation 
to the average value was about 0.08. The surfaces of the 
plates were therefore not perfectly flat. Instead of using 
this value for 2h', it was decided to determine a value 
for h' from the exact solution of a pulsating flow between 
two parallel plates given in Chapter III, based on the 
measured pressure gradient and discharge. 
a. Variation of K' with Ïq As shown in Figure 15a, 
a pulsating flow through the gap between two parallel plates 
creates an oscillating water column in the tubing F, and 
this water column oscillates harmonically with an amplitude 
Ïq. The location of the surface of the water column at any 
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instant is then described by the following relation: 
= Iq sin((o't' + (j)]] ) (87) 
where is the location of the surface of the water column 
from its initial position; upward is positive and (f)? is. the 
0 
phase shift as compared to the pressure gradient. The dis­
charge at any instant through the tubing F is approximately 
equal to the product of its area. A, and the velocity of 
the water column which is obtained by differentiating 
Equation 87 with respect to t'. Therefore, 
Q = w'Al^ cos (w ' t ' + 4)1 ) (88) 
wo
where A is the area of the tubing P (A=769 10 ^ ft^ for 
3 . 
•g- in. ID tube) . The mean velocity in the gap between two 
plates is given by Equation 29', i.e., 
Û' = U;, cos (tù'f - (j)rr,) 
^ P 
or 
"p = °os(w't' - %,) (29') 
Hence, the discharge through the gap is 
Q = 2h' cos (w't - c|)^, ) (89) 
P 
From the continuity equation. Equation 88 must be equal 
to Equation 89, and equating the amplitudes in these two 
equations gives 
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^ is a R -dependent function, which is given in 
J\ CO 
Equation 30b and shown in Figure 4. At low values of R^, 
1 
such that R^ is less than 1, ^  can be simplified to 
& = T 
Substitution of this expression for ^  into Equation 90 
yields the analytical relationship between h' and Ïq, 
= 4^^  (92) 
The thickness of the gap between the plates, 2h', determined 
from Equation 92 is called the "apparent thickness" of 
the gap. 
The amplitude, 1q, was obtained by measuring the 
highest and lowest levels of the oscillating water column 
in the tubing F; K' is determined from the measurement of 
the pressure-drop amplitude at the pressure taps (3), (6), 
(9), (14), (17), (19), (20), and (22), and the slope of 
the pressure-drop amplitude curve is obtained by the method 
of least square from plots of the type shown in Figures 
21a,b. For the frequencies w'=2.67 and 3.10 radians per 
K ' ~ 
second, the variation of ^ with 1q is presented in Figures 
23a,b. The dashed line through the unfilled circle repre­
sents the best fitting line of the experimental results 
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and the solid line denotes the theoretical prediction based 
upon the measured mean half thickness of the gap, h'=0.0156 
in. Comparing these two results we find that a large dis­
crepancy exists between the theoretical prediction and the 
experimental results. The measured 1q is too small. The 
reason for this disagreement is discussed in the following 
section. 
b. Variation of Ig and 1q Before construction of 
the large parallel-plate channel a similar small scale model, 
about 16" X 8" in size and 0.75 in. in thickness, was tested. 
It was found that the amplitude of the oscillating water 
column in the tubing F was about 7 in. at w'=3.10 radians 
per second. However, in the large model the amplitude 
was much reduced and only about 2 in. for the same operating 
condition. The diameter of the piston used to generate 
the pulsating flow through the gap between the two plates 
is 1 in., and each stroke is 1 in. The discharge generated 
by the piston is of the following form: 
Op = [Qp] cos(u)'t' + <I>Q ) (93) 
where [Q^] is the amplitude and is equal to the product of 
frequency w', arça of the piston A^, and the length of 
stroke 1 ; i.e. [0^]=w'A^l^. If the air-water chamber is 
® p P S 
completely filled with water, then the same amount of 
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discharge must also oscillate in the tubing F by virtue of 
the continuity equation. 
Vs ° 
where A 1 = 0.785 in . However, it was found that at 
P s 
w 
• _3 
'=2.67 radians per second AIq was only equal to 0.222 in , 
3 
which is much less than 0.785 in . This obviously indi­
cates that the system was not completely rigid/ otherwise 
the water column in the tubing F should oscillate with a 
3 large ampU'Etide such that A1q=0.785 in . 
The two Plexiglas plates forming the channel walls 
are 0.95 in. in thickness, and their length and width 
is 49"xl8" as shown in Figure 16a. Under pulsating flow 
conditions these two plates actually expand harmonically 
because of the largeness of their size and the relatively 
low stiffness of the material. For example, at w'=3.10 
radians per second, the upper plate was found to have a 
harmonic motion of expansion with an amplitude about 0.0012 in. 
at the point x'=0, and y'=1.75". If each plate is assumed to 
expand harmonically with an average amplitude of 0.0001 in., 
which would then reduce the amplitude of the oscillating 
water column in the tubing F by about 0.8 in. Even though 
the amount of the plate expansion is very small when compared 
with the thickness of the gap, its effect upon the amplitude 
of the oscillating water column in the tubing F is remarkable. 
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It is believed that this is the primary reason why the 
experimental and theoretical results are not in better 
agreement. Based on this reasoning the continuity equation 
states that the 
Amount of water Amount of water Amount of water 
displaced by = displaced by + oscillating in 
the piston expansion of the tubing F 
plates 
In order to present the experimental results more 
reasonably, and then, to find, hopefully, the apparent thick­
ness from Equation 92, it becomes necessary to know the 
actual amount of water oscillating in the gap between two 
plates. This can only be obtained indirectly, since the 
amplitude of the water oscillating in the tubing L con­
necting the model and the air-water chamber cannot be 
measured as accurately as the water in the tubing P. How­
ever, the highest and lowest levels of the water surface 
oscillating in the air-water chamber can be located accurate­
ly. It was also found that the oscillation of the water in 
tubing L is essentially in phase with that of the piston. 
It is then concluded that the oscillation of the water in 
the air-water chamber is in phase with the oscillations 
of the piston and the water in tubing L. Consequently, 
the relationship among the amplitudes is 
[Op] = [Qg] + [Qe^ (95) 
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where [Q^] is defined in Equation 93, [Q^] and [Q_] are dis-p S & 
charge amplitudes of the oscillation of water in the air-
water chamber and in the tubing L, respectively. The high­
est and lowest levels of the water surface oscillating in 
the air-water chamber was obtained with the aid of a travel­
ling microscope. [Qg] is then determined from Equation 95, 
and finally Ig is obtained by dividing [Qg] by the frequency 
0)* and area A. At frequencies w'=2.67 and 3.10 radians 
per second, the variation of Ig with Îq is presented in 
Figure 24 . with the corresponding equations 
ÎJ, = 3.611 ï„ at W = 2.67 I 
h = ^-312 îo . 3.10 f|âiâa§. j 
The solid line denotes the situation that would occur with 
no expansion. 
According to Equation 94, if no expansion occurs and 
the air-water chamber is coitpletely filled with water, the 
amplitude of the oscillating water column in the tubing F 
Ap s 
must be equal to —, or 7 in. However, it was found that 
Ig decreases as w' increases under these operating condi­
tions. Thus to minimize the effect of the expansion the 
experiments should be conducted in the low frequency range. 
The expansion of plates also depends upon the pressure 
gradient amplitude, K'. However, the situation cannot be 
improved very much by reducing the pressure gradient 
133 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
OJ 
tion 
2.67 0.55 
—o——o— ——-D— 3. to 0.67 
y 
t « 4.312 U 
o 
/ 
X /o / 
?£ = 3.611 /. — 
"'1 
oV o M 
|V' 
v^ : 
./K 
m 
* 
/ 
0 / t 
9'o /' / .4 / / p/y 
i 
/ o r  
/^A 
/Ay' 
2 . / ?  
2.309 Z 
•sr. 
Â •» " ' M /f = /. / no oxpantion) 
O 0.05 ^O.tO 0.15 0.20 
U (ft) 
Fig. 24. Variation of 7^ versus 7^ 
134 
amplitude, K'. For example, at w'=2.67 radians per second 
K *• 
and — = 0.05 it was found that the amplitude of expansion 
of plates was reduced to about 0.0001 in., which is 
negligibly small. However, for low pressure gradient 
amplitude, K', Iq is already very small. Therefore, a 
reduction of Iq due to 0.0001 in. of expansion of plates 
is still significant. 
c. Variation of K' with Ig By means of the relation 
between Ig and Îq given in Equations 96a,b, Iq in Figures 
23a,b can, be replaced by Ig, and the result is replotted on 
the same figures. The broken line through the filled circle 
denotes the best fitting line of the experimental results 
based upon Ig, which gives the apparent thickness of the 
half gap, h', equal to 0.0162 in. and 0.0169 in. for the 
frequencies w'=2.67 and 3.10 radians per second, respective-
K * ~ ly. The variations of — with Ig at these two frequencies 
become 
f = 0.280 1, =2.67|gi^ 
(97a,b) 
|1 = 0.293 1, = 3.10 flifM 
The agreement between theory and experiment is considerably 
improved with this correction. 
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B. Pulsating Plow Around a Circular Cylinder, 
in a Hele-Shaw Cell 
The parallel-plate channel was modified by removing two 
plugs from the upper and the lower plates and putting the 
circular cylindrical obstruction into the model as described 
previously. The thickness of the gap at the locations 
listed in Table 1 was remeasured. The thickness was found 
to be generally reduced because of the stiffening effect 
of the obstruction. The average value of the thickness of 
the gap was reduced to 0.0248 in. Moreover, the expansion 
of the plates was reduced somewhat, since the amplitude, 
1q, of the oscillating water column in the tubing F, 
increased by about one-quarter when compared to that in the 
parallel-plate channel under the same condition. Because 
of these changes the experimental results obtained in the 
case of the parallel-plate channel cannot be completely 
transferred and used in the present cell with the cylinder. 
1. Variation of K' with 1^ 
As before, the pressure gradient amplitude, K', defined 
in Equation 24b in Chapter III, was first determined. This 
could, in principle, be done either by making use of 
Equations 97a,b from measurements of Ig, or by directly 
measuring the pressure distribution sufficiently far away 
from the obstruction. However, because of the change in 
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the stiffness of the plates due to the insertion of the 
cylinder, the results obtained in the parallel-plate channel 
could not be applied. Therefore, K' was obtained directly 
from pressure drop data. As pointed out in previous Section 
A at low frequencies the fully developed region covers the 
range from the pressure tap (3) to the pressure tap (20). 
The pressure drop at the pressure taps (18), (19), and (20) 
referred to the pressure at the pressure tap (22) was measured 
again, and the results are presented in.Figures 25a,b. The 
solid line denotes the theoretical solution based upon 
the remeasured mean value of h", h'=0.0124 in.; and the 
broken line indicates the experimental results which give 
|1= 0.610 Ï, = 2.67 
|1= 0.573 ïg = 3.10 S|i3gs 
y (98a,b) 
The apparent thicknesses of the half gap> h', are equal to 
0.0126 in. and 0.0133 in. for the frequencies u)'=2.67 and 
3.10 radians per second, respectively. And the ratios of 
these two thicknesses to the remeasured mean value of h' 
are 1.016 and 1.072. 
The variation of Ig and 1q at these two frequencies 
was also measured for reference and the result is 
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, _ ^ radians 
1e = 2.178 Ig w = 2.67 second 
radians 1„ = 2.309 1„ w' = 3.10 E ' 0 * second 
(99a,b) 
which can be compared with the variation of Ig and 1q in 
the case of a parallel-plate channel in Figure 24. Thus, 
K' can be determined by either measuring Ig in the tubing 
F and making use of Equations 98a,b and 99a,b, or by 
directly measuring Ig in the air-water chamber. 
2. Variation of the pressure difference amplitude along 
x'-axis 
As noted previously in the discussion of the theoreti­
cal solution the first approximation outweighs any other 
higher order approximations' in the solution and in the outer-
inner expansion the outer expansion of the zeroth order of 
h is the same as the first order approximation obtained by 
the method of successive approximations. Therefore, the 
experimental results will be compared with the first 
order approximation only. The pressure distribution of the 
first order approximation along the x'-axis is obtained 
from Equation 47d by putting 6=0, and becomes 
R 2 
p = -K (r + p) cos t (100) 
Then, the pressure difference between the pressure tap 
(22), r=34, and any other point along the positive x'-axis is 
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1 1 
AP(y=0) = + F - 34 - 3f) cos t (101) 
or 
AP(y=0) = [AP(y.O)] t (101') 
where the subscript "(y=0)" denotes along the x'-axis, and 
the bracket symbol denotes the amplitude of the variable 
inside the bracket. The pressure difference between the 
pressure taps (22) and (30) is obtained by setting r=l 
in Equations 101 and 101'. Thus, for r=l 
R 2 
Ap = + 32.0294 cos t (102) 
or 
Ap = [Ap] cos t (102') 
The ratio of amplitudes of Equation 101' to Equation 102' 
becomes 
^ 
The variation of the pressure difference along the 
positive x'-axis at the pressure taps (30), (12), (13), 
(14), (15), (16), (17), (18), (19), and (20), referred to 
the pressure at the pressure tap (22), was measured for 
two frequencies w'=2.67 and 3.10 radians per second. At 
each frequency four different pressure-gradient amplitudes 
K' were used, which were determined from measurements of Iq 
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and the use of Equations 88a,b and 89a,b. The frequency 
parameter is based upon the measured frequency of pul­
sation, the apparent thickness of the gap between the two 
plates, and the kinematic viscosity of water at a tempera­
ture of 25®C. The results are presented and compared with 
the theoretical solution. Equation 103, in Figures 26a,b. 
As shown in Figures 26a,b the experimental results are 
in good agreement with the theoretical solution based upon 
the first approximation, qualitatively, except for the 
region near the surface of the obstruction. The sudden 
drop of the pressure difference amplitude at the pressure 
tap (14) is thought to be due to a localized change in 
geometrical characteristics of the model itself. Dye 
was injected at the pressure tap (14) in the condition of 
the steady flow through the cell with the obstruction. It 
was found that the streamline through the pressure tap (14) 
flowed along 45® line from the x'-axis, and then turned 
parallel to the x'-axis at a distance about 1 in. This 
localized pressure drop in the vicinity of tap is also 
noted in Figures 21a,b,c,d, especially at higher frequencies 
and pressure gradient amplitudes. Since the surfaces of the 
plates are not perfectly flat, there may be some serious 
distortion of the surface around the pressure tap (14). 
The experimental results indicate the pressure-differ­
ence amplitude increases near the surface of the obstruction. 
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while the theory predicts this amplitude decreases with 
the distance away from the cylinder. This gives rise to 
some interest and attention on the flow field near the 
obstruction. For example/ separation phenomena may be 
induced in the vicinity of the obstruction. However, this 
has not been observed when dye was injected from the points 
on the surface of the obstruction at 0=0 and 180°. One 
other possible reason for this phenomenon can be due to 
the expansion of the model. It has already been pointed 
out that the friction caused by the o-ring on the lower 
plate reduces the expansion of the plates (see Figure 16c). 
In the Hele-Shaw cell, the expansion starts from the edge 
of the cell, then increases, and finally decreases to nearly 
zero around the edge of the obstruction. This may affect 
the pressure difference amplitude. However, no definite 
reason for this apparent discrepancy can be given. 
Aside from the region near the surface of the obstruc­
tion, the experimental and theoretical results are in fair 
agreement. This agreement is much better at lower pressure 
2 
gradient amplitudes, since in these cases the ratio —=— is 
small and closer to the requirement that << 1, upon 
which the theoretical solution Equation 103 is derived. 
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3. Variation of the pressure difference amplitude along 
the surface of the obstruction 
The variation of the pressure difference between any 
point at the surface of the obstruction and the pressure 
tap (22) is obtained from Equation 47d, and is 
R 2 
Ap^_^ = -K (2 COS e - 34 - cos t (104) 
or 
APj^^ = [Ap^^^] cos t (104') 
The ratio of amplitudes of Equation 104' to Equation 101' is 
[Ap n ] 2cos 0 - 34 - ~ 
[Ap] ^ 32.0294 
where [Ap] is defined in Equation 102. 
The experimental work was performed with the pressure 
transducer (2) fixed at the pressure tap (30) and the 
obstruction was rotated to obtain the distribution of the 
pressure difference along the surface. The results are 
presented in Figures 27a,b for frequencies co'=2.67 and 3.10 
radians per second, respectively. Away from the regions 
around the two stagnation points the experimentalresults 
agree well with the theoretical results. Equation 105, 
qualitatively and quantitatively, especially at the lower 
frequencies and the lower prèssure-gradient amplitudes. At 
2 
higher pressure-gradient amplitudes — ^ •• = 2.9373 
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and 1.9066 at w'=2.67 and 3.10 radians per second, respective­
ly, the deviation between theory and experiment is large. 
2 
This is expected because the ratio, , is greater than 1, 
which violates the assumption given in Equation 44b. 
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VI. SUMMARY AND CONCLUSIONS 
The problem of unsteady, laminar flow of a viscous, 
incompressible fluid around a circular obstruction placed 
between two closely spaced parallel plates (Hele-Shaw 
cell) was investigated theoretically and experimentally. 
The objectives were to study the effect of the pulsating 
flow near the surface of the obstruction, and to find the 
applicable range of the analytical solution through the 
experimental study. 
The problem was first treated analytically by the 
method of successive approximations based upon the assump­
tions given in Equations 40, 44a,b, and the first and the 
second approximations were obtained. The second approxi-
2 
mation is proportional to YReh , where the function y is a 
constant value in the steady Hele-Shaw flow problem, and is 
a function of for the unsteady Hele-Shaw flow. The func­
tion Y tends to for the pressure and decreases rapidly 
to zero for the velocity as R^ increases. Therefore, at 
high values of R^ the contribution of the second approxi­
mation to the solution is negligibly small compared -to 
the first approximation given in Equations 47a,b,c,d which is 
in the order of 1. At very small values of R^, such that 
R^ is less than 0.2, the solution obtained by the technique 
of successive approximations is not applicable unless Reh^ 
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is very small, since the function y becomes very large. 
The secondary steady streaming described in Equations 62a,b, 
c,d is also given by the second approximation. However, 
this steady streaming is negligible when compared with the 
results of the first approximation except for the case in 
which is very small (less than 0.2). 
The solution obtained by the method of successive 
approximations describes the flow field correctly except 
for the region near the surface of the obstruction. Hence, 
the outer and inner expansions were further used to overcome 
this difficulty. The solution of the zeroth order of h 
was completely determined and is given in Equation 82; the 
solution of the outer expansion is the first approxima­
tion, and the thickness of the region in which the inner 
expansion is valid is determined from Equations 80a,b, 
and 81a,b,c,d. The thickness of the inner region decreases 
as increases. The maximum amplitude of the shear stress 
component, exerted at the surface of the obstruction 
is given in Equation 84. This amplitude is proportional to 
—jp— , which is double the amplitude of the shear stress 
exerted on the surface of the plates sufficiently far from 
the obstruction. The partly obtained solution, to the first 
order of h, in the outer-inner expansion was used to check 
the assumption that the normal velocity vanishes in the 
sense of average at the surface of the obstruction. This 
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assumption was utilized in the method of successive approxi­
mations for solving the present problem. 
The analytical solution for the pressure-difference 
amplitude along the positive x'-axis and along the surface 
of the obstruction, based upon the solution of the first 
approximation, was compared with the experimental results 
at = 0.55 and 0.67 (w'=2.67 and 3.10 radians per second). 
At these two frequencies various different pressure-gradient 
amplitudes K* were used. Both theoretical and experimental 
results are in fair agreement, qualitatively and quantita­
tively; the average deviation is less than 8% of the 
theoretical solution, while relatively large deviations occur 
around the two stagnation points (Figures 26a,b and 27a,b). 
The theoretical solution of the first approximation 
is valid under the assumptions given in Equations 40, and 
44a,b, i.e.. 
h^ « 1 
Reh^ « 1 
and 
2 In the present experiments two values of h (0.00062 and 
2 0.00070) were used, and Reh was less 
2 
0.2 to 0.9), and varied from 0.5 
than 1 (varied from 
to 3. The experimental 
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results indicate that high deviation (about 12% of the 
theoretical solution based upon the first approximation) 
2 
occurs at the case of high values of . This deviation 
decreases as —=— decreases, and the deviation reduces to 8% 
at —^ = 2. Therefore, it appears that the requirement 
^ < * > 2  2  
that Reh and must be much less than one can be replaced 
«<0 
by the requirement of simply less than one, provided that 
2 h is much less than 1. However, a more general conclusion 
about the relative importance of these three parameters 
2 
(h , Reh , and ) can only be obtained after a more 
extensive experimental investigation. 
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VII. RECOMMENDATIONS FOR 
FURTHER STUDY 
The simplest complete solution to the present problem 
is obtained by combining the inner expansion and the outer 
expansion (the first approximation) under the assumptions 
given in Equations 40 and 44a,b. The experimental work 
was performed to find the applicable range of the analytical 
solution. A wider range of the variation of the three im-
2 2 2 2 portant parameters (h , Reh , Reh /R^ ) should be obtained 
by constructing the model of some other material of higher 
stiffness or through the use of some other means which will 
reduce the expansion of the plates. The material of the 
model should be transparent, since air bubbles in the gap 
between the two plates can be easily discovered and the bubble 
can create a serious problem. 
The comparison between the experimental and theoretical 
results showed that there was a discrepancy in the vicinity 
of the two stagnation points. In order to determine, the 
significance of this discrepancy, it is necessary to in­
vestigate the pressure distribution around these two points 
in detail by the use of more pressure taps and reducing the 
distance among them. The pressure measurements could also 
be supplemented by measuring the shear stress distribution 
of Q along the surface of the obstruction. 
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X. APPENDIX A 
A. Governing Equations for Method of 
Successive Approximations 
Reh^ Reh^ Reh^ 
1 8p'^' 1 3p'^' 1 8p'^' 1 3^u'^' 
+ ... (Ala) 
Reh Reh"^ 3z^ 
^0.^ 3V<1> ^ JlL,|^+ SS!^|Z^',....(„(1)+u(2)+U<3)+...) 
Reh 2 3t Reh 2 9t Reh 2 3t 
.3v (1) 9v (2) 3v(3) 
'8r 9r 9r 
+ ...) + (v^^\v^^^+v^^^ + ...) 
3v(^) 9v(^) v 
*rT§ r30 '"' 
4. &(u(l)+u(2)+^(3) + _,)(^(l)+v(2)+v(3) + ...) 
;T?3f~-;Tr# ' (Alb) 
158 
, 1 . 1 , 
+ ST _ + _ ^ + . 
Reh az^ Reh^ 9z^ 
(Alb) 
_ 9p(') _ 8p(") 
dz 3z 9z 
=  . . .  = 0  (Ale) 
+ I" + . . .) = 0 (Aid) 
B. Listing of Functions in 
Chapter III 
E = K^{[R(D)]^ + [1(D) 
F = [R(B)-R(D) + [1(B)-1(D) 3"^} 2 . 2  
w 
G = [R(C)-zR(D) + [I(C)-zI(D) 
-1 1(D) 
rW 
• 0) 
(j)g = tan 
^F = tan-:' 
(j)^ = tan -1 R(C)-zR(D) I(C)-zI (D) 
} (A2a,b,c) 
(A3a,b,c) 
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E = I K^{D'-D"} 
F = + |-(z^-l) (D-D") } } (A4a,b,c) 
_ g ,3 
G = K'^{6(| z) (D'-D") + 4(C'-C") } 
2 2 2 J = { (tanh A + tan A tanh A + tan A - tan A tanh A) 
+ (tan A - tan A tanh^A - tanh A - tan^A tanh^A)^}^ 
••X 2 2 
<|)j = tan { (tan A - tan A tanh A - tanh A - tan A tanh A)/ 
n 2 (tanh A + tan A tanh A + tan A - tan A tanh A)} 
where "R( )" and "I( )" mean the real and the imaginary 
parts of the function in the parenthesis, respectively. 
The functions R(D), 1(D), D', and D", are obtained by 
evaluating R(C), 1(C), C', and C" at Z=l, respectively; and 
R(B), KB), R(C), 1(C), B', B", C ' , and C" are listed in the 
following: 
A' = 
A = ^  
/2 
I 
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R(A) = { [cosh 2A' cos 2A' - (si)nh 2A' cos 2A' 
+ cosh^ A' sin 2A')] [|^(tanh A + tanh A tan^ A + tan A 
- tanh^ A tan A)/(I + tan^ A tanh^ A) - 2.5 
+ 0.25(cosh^ A cos^ A - sinh^ A sin^ A)(cosh^ A cos^ A 
+ sinh^ A sin^ A) ^] + [sinh^ A' sin 2A' 
- (cosh 2A' sin 2A' - sinh 2A' cos 2A'][|^(tan A 
2 2 
- tanh A tan A - tanh A - tanh A tan A)/ 
2 2 (1 + tan A tanh A) - 0.5(cosh A cos A sinh A sin A) 
(cosh^ A cos^ A + sinh^ A sin^ A) }/ 
{[cosh 2A' cos 2A' - ^ (sinh 2A' cos 2A' 
+ cosh 2A' sin 2A')]^ + [sinh 2A' sin 2A' 
- •|^(cosh 2A' sin 2A' - sinh 2A' cos 2A')]^} 
I (A) = { [cosh 2A' cos 2A' - ^ ^^(sinh 2A' cos 2A' 
+ cosh 2A' sin 2A')] [•g|-(tan A - tanh^ A tan A - tanh A 
- tanh A tan^ A)/{I + tan^ A tanh^ A) 
2 2 
- 0.5(cosh A cos A sinh A sin A)(cosh A cos A 
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+ sinh^ A sin^ A) - [sinh 2A* sin 2A* 
- ^ ^(cosh 2 A' sin 2A' - sinh 2A* cos 2A')] 
[^(tanh A + tanh A tan^ A + tan A - tanh^A tan A)/ 
(1 + tan^ A tanh^ A) - 2.5+ 0.25(cosh^ A cos^ A 
- sinh^ A sin^ A)/(cosh^ A cos^ A + sinh^ A sin^ A) }/ 
{[cosh 2A* cos 2A* - ^ (sinh 2A' cos 2A* 
+ cosh 2A' sin 2A')]^ + [sinh 2A' sin 2A' 
- ^ (cosh 2A' sin 2A' - sinh 2A' cos 2A ' ) ] ^} . 
R(B)=R(A) cosh 2A'z cos 2A*z - I(A)sinh 2A'z sin 2A'z 
+ 0.25(cosh^ A cos^ A - sinh^ A sin^ A) 
(cosh^ A cos^ A + sinh^ A sin^ A) ^  
(-1 + cosh 2Az cos 2Az) + 0.5(cosh A cos A sinh A sin A) 
(cosh^ A cos^ A + sinh^ A sin^ A) ^ (sinh 2Az sin 2Az) 
- 0.5 + 2(cosh Az cos Az cosh A cos A 
+ sinh Az sin Az sinh A sin A)(cosh^ A cos^ A 
+ sinh^ A sin^ A) ^ 
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I(B)=I(A) cosh 2A'z cos 2A'z + R(A) sinh 2A'z sin 2A'z 
2 2 
+ 0.5(cosh A cos A sinh A sin A)(cosh A cos A 
+ sinh^ A sin^ A) ^(1 - cosh 2Az cos 2Az) 
2 2 2 2 2 2 
+ 0.25(cosh A cos A - sinh A sin A)(cosh A cos A 
+ sinh^ A sin^ A) ^(sinh 2Az sin 2Az) 
+ (sinh Az sin Az cosh A cos A 
2 2 
- cosh Az cos Az sin A sin A)(cosh A cos A 
+ sinh^ A sin^ A) ^ 2 
R(C)= (sinh 2A'z cos 2A'z + cosh 2AZ* sin 2Az*) 
-  ^ ( c o s h  2 A ' z  s i n  2 A z '  -  s i n h  2 A ' z  c o s  2 A ' z )  
+ 0.25(cosh^ A cos^ A - sinh^ A sin^ A)(cosh^ A cos^ A 
+ sinh^ A sin^ A) ^ [^(sinh 2Az cos 2Az 
+ cosh 2Az sin 2Az)-z] + 0.5(cosh A cos A sinh A sin A) 
(cosh^ A cos^ A + sinh^ A sin^ A) ^ 
[^(cosh 2Az sin 2Az - sinh 2Az cos 2Az) ] 
+ i(cosh^ A cos^ A + sinh^ A sin^ A) ^ x 
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(sinh Az cos Az cosh A cos À 
+ cosh Az sin Az sinh A sin A + cosh Az sin Az cosh A cos 
- sinh Az cos Az sinh A sin A) - 0.5 z 
(cosh 2A'z sin 2A'z - sinh 2A'2 cos 2A'z) 
+ (sinh 2A*z cos. 2A'z + cosh 2A'z sin 2A'z) 
2 2 
- 0.5(cosh A cos A sinh A sin A) (cosh A cos A 
+ sinh^ A sin^ A) ^ [^(sinh 2Az cos 2Az 
2 2 
+ cosh 2Az sin 2Az) - z] + 0.25 (cosh A cos A 
- sinh^ A sin^ A)(cosh^ A cos^ A + sinh^ A sin^ A) ^ 
[^(cosh 2Az sin 2Az - sinh 2Az cos 2Az) ] 
+ i(cosh^ A cos^ A + sinh^ A sin^ A) ^ 
(cosh Az sin Az cosh A cos A 
- sinh Az cos Az sinh A sin A 
- sinh Az cos Az cosh A cos A 
- cosh Az sin Az sinh A sin A) 
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B'=(z^-1)[^(cosh^ A cos^ A - sinh^ A sin? A)(cosh^ A cos^ A 
+ sinh^ A sin^A) - ^ (sinh Az sin Az cosh A cos A 
 ^ hT 
- cosh Az cos Az sinh A sin A)/ 
(cosh^ A cos^ A + sinh^ A sin? A) -
^ A[2(cosh 2Az cos 2Az - cosh 2A cos 2A) 
16A 
(cosh A COS A sinh A sin A) - (sinh 2Az sin 2Az 
2 2 2 2 
- sinh 2A sin 2A)(cosh A cos A - sinh A sin A)] 
(cosh^ A cos^ A + sihh^ A sin? A) ^ 
C'=—^{[^(sinh 2Az cos 2Az + cosh 2Az sin 2Az) 
16A 
- z cosh 2A cos 2A] (2 cosh A cos A sinh A sin A) 
+ [^(cosh 2Az sin 2Az - sinh 2Az cos 2Az) 
2 2 2 2 
- z sinh2A sin 2A] (cosh A cos A - sinh A sin A)} 
(cosh^ A cos^ A + sinh^ A sin^ A) ^ + (^ z) 
[0.25(cosh^ A cos^ A - sinh^ A sin? A) 
(cosh^ A cos^ A + sinh^ A sin^ A) ^ + 0.5] -
2A 
(cosh Az sin Az cosh A cos A 
- sinh Az cos Az sinh A sin A 
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- sinh Az cos Az cosh A cos A 
- cosh Az sin Az sinh A sin A) 
(cosh^ A cos^ A + sinh^ A sin^ A) ^ 
[j(cos 2A cosh 2A + 1) 
+ 4(cosh^ A cos^ A + sinh^ A sin^ A)^] 
+ ^ J (sin. 2Az sinh 2Az - sin 2A sinh 2A) 
16A^ 
+ ^ J(cosh 2A cos 2A sinh 2Az sin 2Az 
16A^ 
- sinh 2A sin 2A cosh 2Az cos 2Az) 
2 
+ -y(cos 2A + cosh 2A)(sinh A sin A cosh Az cos Az 
A"^ 
- cosh A cos A sinh Az sin Az) 
+ —^(cosh 2A + cos 2A) (cosh 2Az - cosh 2 A - cos 2Az 
8A 
2 2 2 2 — 2  
+ cos 2A)} (cosh A cos A + sinh A sin A) 
3 
~ [^(cos 2A cosh 2A + 1) 
+ 4(cosh^ A cos^ A + sinh^ A sin^ A)^] 
-  — s -  s i n  2 A  s i n h  2 A  +  ^ ^ (sin 2Az cosh 2Az 
16A^ 64A^ 
- sinh 2Az cos 2Az) 
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+ ? (-sin 2A sinh 2A sin 2Az cosh 2Az 
64A^ 
- cos 2A cosh 2A cos 2Az sinh 2Az 
+ cos 2A cosh 2A sin 2Az cosh 2Az • 
- sin 2A sinh 2A cos 2Az sinh 2Az) 
- i^(cos 2A + cosh 2A)(-sin A sinh A sin Az cosh Az 
A"^ 
- cos A cosh A cos Az sinh Az 
+ cos A cosh A sin Az cosh Az 
- sin A sinh A cos Az sinh Az) 
+ — (cos 2A + cosh 2A) _ 2 cosh 2A -
+ z cos 2A)} (cosh^ A cos^ A + sinh^ A sin? A) ^  
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XI. APPENDIX B 
A. Governing Equations for 
Outer Expansion 
3 ^^1 4 ^^2 
^ (^0 âr~ ^1 3r~^ ^ ^^0 3r~ ^1 3r '•' • .. 3 
2 ^0 ^^0 3 
+ ...l + [h ~ 9^ + h (Vq ^ + ^1 
9u, 
0 r30 
9u, 3u 
+ V 1 r30 -+ V 2 r39 
3u 
^)+...]-[h^^ + !Zpi+ h^(!l^+ ^ -) 
d 4 S"! 5 du, 
+ ...] + th Wg ^  + h (Wg j^) + h (Wg ^  
3p 
3u. 3  
3u 3u 3Pq 
"^3 3F" ^4 3i-^ + -**^-f" 3F-" ^  ^  
* 'fe I?'? ' + fe I?'f ' 
r 30 r^9 0 
—— + 
STu, 
r^30 
+ ...]-[ 2h' Re 
r^30 
^^0 . 2h^ 
Re 
3^1 . 2h4 
2.. Re "Z 
3v, 
+ ... ] 
r 30 r 30 
+ [ 1 3^*0 h , h2 ''"2 , , + Ëi- TT- + •••' 9Z2 3z 
(Bla) 
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. 9Vt 9V- . Bv. 9v, 9v 
+ ^ (^0 W- + ""l 9Ï^)+ ^ (""O ^ + ""l 9Ï- + ""2 9?-) 
+ ---l + "l>St5^* "^'"Or^ 
....Si.Kl.S, .,Sl 
4 ^^1 ^^0 5 ^^2 ^^1 ^^0 
+ h (^2 + "'s 9^) + ^ ^^2 •*• ^3 9i" ""4 9i- •^- • 
• SPP ,, 3Pl . .2 ®P2 , 
"'r3e rse r36 "•••1 
+ 4 &'F lrt=^-o' 1 + é l?f? 1 
+ fefe'lfe<'^2'l + •••l'^'li- j.ijg - + & p2ag2^ 
•-•••-S'-èS'- ÉS^.-. 
(Blb) 
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Ri" ât- + Ri-3t-^---' 
+ [h u 
3w_ c 3w_ 
^ + h^(u ^ 0 3r 
3w, fi Sw. 
0 3r^ ^1 W~^ + h (u 
3w, 
0 ST" "*" ^1 Br" 
3w- . 3Wp c 3w_ 3w_ 
•*" ^2 3F~^ + ...] + [h Vq rse (^b r38 "*"^1 rsT"^ 
+ h*(v, 
3w, 3w, 
0 r39 
f. 3w_ aw, 7 
+ ^ (^2 ST"^ ^ 3 JT'^  + ^ (^2 
• + V 1 r38 
3 . 
+v 0 r39 
3w, 3wg 
—+ ...] + [h^ W2 ^  
3w, 3w. 3w ""2. 
37" ^3 ^  ^4 3i~^ 
+ •••' = h 
Re r3r 3r 
2 3 w. 
r 30' 
h5 . h« , , , ,h2 
+ R^ ITZY + Ri- -2771 + '"] + rr- + M 772" 
r'39 r^30 3z' 3z 
(Blc) 
. « ' î ? . S ' - ' S ' - o  (Bid) 
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B. Governing Equations for 
Inner Expansion 
3U, , 3U, - 3U, 3U2 3U^ 
(h h'' ^  •••> + h 8X^ h<Ol 3X-+ °2 + 
.3 90, SO, My 
+ ï+hX '^0 W * h(Vo ^  + Vj^ ^)+ ...1 
- ïîhX% + + ...) + + h(W^ 3x^ + "2 WiT^ 
. , i!!0 !!l . 5. 
h 3X 3X 3X 
+ rI (lihX) f x  t(l+hX) (hUl +  h^U, +  . .  . ) ] }  
^2 .2 , 
+ 5" —5" (hU, + h U~ + ...) 
Re(l+hX)^ BG 
2h^ 3 , . 1 3^ .^2, 2 ") + (hU]_+h U2+. ..) (B2a) 
Re(l+hX) 3Z 
3Vo 3V 2 3V 3Vq 
^ + ...)+h [U^ â3r + h(Ol SjT ^2 
+ (lïhx) [^0 30^ + ^(^0 90^+^1 30^)+ 
2 3V 3V 
+ h(UiVi+U2Vo) + ...]+h [W^ h(W^ âf + Wg ^) +...] 
1 ^^0 h *^1 3?% 1 a 1 a 
l+hX 1+hx 9T" 1+hX Re 3X^ (1+hX) 3X^^ 
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h2 ^2 
hX) (V.+hV, + ...) ]} + 5- •^(V.+hV, + ...) 
° ^ Re(l+hX)^ 90"^ " ^ 
2 2 
+ 2h— 3 (hU,+h^U,+ ...) + •^-(V.+hV, + ...) (B2b) 
Re(l+hX)2 90 1 2 Re 32^ " ^ 
R,^ 3W, g 3W, . 3WT 3W, 3W, 
R5-(h + h ST^ + ' ' ") + h ["l 8X^ h(%l 3^ ^2 
,3 3W, 9W, 3W, 
+ + I+hX [^0 w + "SQ- + —) + ...] 
3Wt 9W, 3W , SPQ 3P, 
+ h [*1 3Z- + h(Wi + Wg az") + ...] = - ^  55- - azT 
9P 
- - ... + Re(iihx) (l+hX)^(hW]^+h^W2+...) ] 
2 2 2 
+ =. ^  (hWT+h^W,+ ...) + ^ (hW,+h^W,+...) 
Re(l+hX)2 302 12 Re 3^2 1 2 (22^^ 
|^[ (1+hX)(hU^+h^U2+...)] + h|^(VQ+hV^+...) 
+ (1+hX) ^ (hW]^+h^W2+...) = 0 (B2d) 
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XII. APPENDIX C 
Consideration of the terms of order of h in Equations 
Bla,b,c,d in Appendix B gives the following equations for 
the outer expansion of the first order of h: 
Re 3t 
^^1 1 3^*1 
3r Re ,_2 
V 
Re 
!£i 
8z 
1 9 
at 
= 0 
1 !!i 
r 30 
9z' 
1 '^''1 
9w, 1 ^^1 , 
r 9r r W W 
= 0 
\ 
(Cla,b,c,d 
And the boundary conditions for the above equations are 
u^ = v^ = #2 = 0 
u^ = v^ = #2 = 0 
at z = + 1 
as r^oo 
(C2a,b) 
Assume 
u^ = iK( 
cosh R..Z 
w 96 
cosh ^^L R 
- l)ff exp[it] 
"w 
cosh yr R z , a, 
= iK( ^^r 9r exptit] 
cosh /i R 
w 
where 
(C3a,b) 
95^" = -K Rg-
eKPlitl 
(C4a,b) 
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and , 
R 
= -K ^ exp[it] (C5) 
Then, Equations Cla,b are identically satisfied by Equations 
C3a,b. Equation Cld gives 
R ^ tanh /T R z g 
w, =-iK 5^ exp [it] ( z)V (|) (C3c) 
1 Re yr R 
w 
where 
=  I ^  &  
From the condition that = 0 at z = + 1, we have 
V^(j) = 0 (C6) 
Hence, we have to solve the Laplace equation for ^ with the 
boundary conditions 
and 
= 0 
3r 
i II = 0 as r+" 
(C7a,b) 
The boundary condition for <{> at the surface of the cylinder 
is obtained from the inner expansion. The solution for (j) is 
given in the form 
* = log r + Z 4 cos ne (C8) 
" n=l " r* 
where ^q, (()^, i))^, tj)^, are to be determined from 
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the inner expansion. 
For the inner expansion considering the terms of order 
of 1 and h in Equations B2a,b,o,d yields 
3P. 
9F 
= 0 
Re 9T 
BP, 
W + à 
3P. 
3Z" 
= 0 
V  5, 
Re 3T 
Re ST 
3Ui )Vg M 
W * 7S  ^*  ^
where 
v . 4  +  4  
3X 3Z 
The matching conditions require that 
cosh /r R..Z 
(C9a,b,c,d,e/f) 
Ui = iK ( w 
cosh /i R 
w 
cosh /T R ..Z 
V, = iK (- b> 
cosh /T R , U) 
= 0 
Pi = Pi 
- 1) (2X cos 0 + m(0))exp[iT] (ClOa) 
- 1) (2X sin .0 + n(.0) )exp[iT] (ClOb) 
(ClOc) 
(ClOd) 
175 
where 
n(0) = 
at r=l 
n(0) = II 
at r=l 
(Clla,b) 
So the complete boundary conditions for Equations C9a,b,c,d, 
e,f become 
U, = V, = W, = 0 at Z = + 1 (Cl2a) 
1 1 1  —  
= 0 at X = 0 (Cl2b) 
cosh /I R Z 
U, = iK ( 1) (2X cos 0 + m(0))exp[iT] 
cosh /r 
as X-^oo (C12c) 
cosh /T R Z 
V, = iK ( 1) (2X sin 0 + n(0))exp[iT] 
cosh /T R^ 
as X->-<» (Cl2d) 
= 0 as X^oo (C12e) 
Three velocity components of the first order of h 
and can be obtained separately. Let the velocities 
and be investigated first. Substitution of the solu­
tion of Vq given in Equation 75 in Chapter III into Equation 
C9f gives 
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9U, 9W^ cosh vT R Z 
+ âT" = exp[iT] cos © {2K( 1) 
cosh /I R, b) 
R ^ 2 2 7 
- Z 4K(-1)* 5-exp[-(iR, +k '')^X]cos k z} 
n=0 ) 
(C13) 
The above equation can be identically satisfied by and 
by assuming and be expressed in the following form; 
. , cosh vT R Z 
U, = exp[iT] cos 0 + iK( 1) 
cosh /T R 0) 
(2X cos 0 + m(0)) exp[iT] 
4K(-1)* R ^  
+ Z exp[iT] cos 0 TTT" 
(iA^n 
exp[-(iR^^+k^^)^X]cosh k^Z (C14) 
W^=- exp[iT] cos 0 (CIS) 
Substituting these expressions of and into Equation 
C9b,df we obtain 
2 .... 
(C16a,b) 
Re 3Z ax Re az 
0 * iR.^ BP 
M 2 + _1 7 2 
Re ax az Re ax 
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where 
Pg = Pg - K exp[iT.] (X cos 0 + X m (0)) (cl7) 
Equations Cl6a,b also give 
-2 *  7  P j  = 0  (CIS) 
On the other hand, taking the Laplace transformation of 
Equations Cl6a,b and making use of Equation CIS the follow­
ing two equations are obtained: 
= 0 
(C19a,b) 
or 
iR^2v^ij^=V% (C19') 
The boundary conditions for ip are 
at Z = + 1 (C20a) 
3X 
= 0 at X = 0 
H = 
cosh i/T R Z 0) 
cosh yr R, (0 
- l)m(0) 
<» cos e 4K(-1)*R ^ 
+ z 
n=0 
0) 
(C20b) 
372- cos k„Z at X = 0 (C20c) 
I 
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(C20d) 
(C20e) 
In summary, the inner velocity components and are 
described by the biharmonic equation (Equation CIS') sub­
ject to the boundary conditions given in Equations 
C20a,b,c,d,e. The solution has not been obtained analyti­
cally in the present thesis. 
As noted before the solution for the outer expansion is 
given in Equations C4&,b and C5, and the coefficients ({)Q, 
<j)2* •••» (|)^f ••• are determined from the inner expansion. 
Because of conditions given in Equation C20d,e, we define 
t|)=0 as X+m. From the condition that •|^=OatZ = + l, 
we therefore have 
TfiEO at Z = + 1 (C21) 
Let us consider the following integration; 
2 Sz _i " j_i Iz as . 0 (C22) 
The first term vanishes because of Condition C20a and the 
second term also vanishes because of Condition C21. This 
condition must also hold at X=0. Therefore, substituting 
in Equation C20c and m(0) in Equation Clla into the above 
9X 
= 0 
dz = 0 
as X->«> 
as X-^oo 
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condition yields 
00 
z 
n=0 
4iR 
= 
372 
tanh /i R 
(C23) 
1 -
U) 
/T R, 
w 
and 
4^ = On = = ••• = = ••• = 0 
2 *3 
R 2 
n 
Pi = -K RZ- 'f'i S2Ë_8 
m(0) = cos 0 
n(0) = -(f)^ sin 0 
(C24a,b,c) 
After (J) is obtained, Vq can be found from Equation C9e. 
In Equations C9a,c is independent of X and Z. Hence, 
must retain its outer value at r=l throughout the inner 
region. By virtue of Equation C24a and the matching con­
dition ClOd, P^ is obtained 
0) P]^ = -K exp [IT] (j)j^ cos 0 (C25) 
It has already been shown that Pq must retain its outer 
value at r=l throughout the inner region in Chapter III. 
Substituting the expressions for P^ (Equation C25) and for 
Pq (Equation 74) into C9e gives 
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R R -i 
^ ® + RI 72^1 
From Conditions C12a,b,d the boundary conditions for 
are obtained 
V, = 0 at Z = + 1 (C27a) 
1 — 
= 0 at X = 0 (C27b) 
cosh t/r R Z 
V, = iK ( — - 1) (2X-{j),)sin 0 as X-H» (C27c) 
cosh vT R , 0) 
And its solution is given by 
cosh Vr R Z 
V, = iK exp[iT] ( 1) (2X-(j),)sin 0 
cosh vT R 
w 
00 2K exp[iT](-l)^ R 2(|)n 
+ Z g 2 
n=0 kafk^Z+iR/) 
1 
exp[-(k^2+iR^^)2x]cos k^Z sin 0 (C28) 
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XIII. APPENDIX D 
Table 2. Original test data of pressure-difference ampli­
tude along positive x'-axis 
Pressure 
looSion (30) (12) <"> (151 d®' 
m 
o 
c 
<u 
0) k 
m o w  
«w >0 +> 
•h s oj 
TJ +» 5 
•h 0) iH m 
ë i' ° 
m flj • m g 
0) -h 
A 
1 1.5 2 3 4 6 
4.000 4.125 4 .250 3. 750 3.875 3. 670 
3.060 3.170 3 .250 2. 875 3.000 2. 875 
1.935 2.030 2 .060 1. 905 1.970 1. 875 
0.955 1.000 1 .040 1. 000 0.985 0. 935 
3.250 3.450 3 .650 2. 875 3.250 3. 150 
2.260 2.625 2 .720 2. 340 2.510 2. 455 
1.660 1.780 1 .905 1. 575 1.685 1. 625 
0.810 0.875 0 .925 0. 800 0.865 0. 825 
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(17) 
10 
3.250 
2.465 
1.650 
0.825 
2.750 
2.120 
1.435' 
0.725 
(18) 
14 
2.695' 
2.055 
1.375 
0.675 
2.230 
1.883 
1.310 
0.650 
(19) 
18 
2.185 
1.695 
1.085 
0.543 
1.875 
1.443 
1.094 
0.568 
(20)  
26 
1.220 
0.937 
0.613 
0.313 
1.092 
0 .600  
0.480 
0.290 
(ft) 
0.185 
0.146 
0.097 
0.048 
0.185 
0.137 
0.100 
0.450 
w' 
/radiansV 
second 
2.67 
2.67 
2.67 
2.67 
3.14 
3.14 
3.14 
3.14 
Table 3. Original test data of pressure-difference ampli­
tude along surface of obstruction 
Pressure ~ 
tap 
location 
(deg) 
<u 0 
c Q) }-l 
0) 0) ^ 
"W "O 0 
«M 3 +> 
•H +> nJ 
"O-H & I iH Q) 
M g O 3 as 
m CO C 0) 'H 
M ^ 
04 
0 20 40 60 80 100 
3. 935 3. 82 5 3 .931 3 .914 3 .974 4 .038 
3. 109 3. 120 3 .140 3 .192 3 .302 3 .389 
2. Oil 1. 994 2 .055 2 .059 2 .128 2 .161 
1. 124 1. 137 1 .180 1 .178 1 .210, 1 .245 
3. 161 3. 056 3 .100 3 .126 3 .163 3 .182 
2. 351 2. 375 2 .405 2 .460 2 .529 2 .592 
1. 653 1. 694 1 .745 1 .764 1 .773 1 .812 
d. 872 0. 888 0 .905 0 .917 0 .934 0 .968 
3. 190 3. 127 3 .101 3 .173 3 .168 3 .240 
185 
iQ 
(ft) /radians V 
120 140 160 180 ^second ' 
4.107 4.172 4.245 4.194 0.204 2.67 
3.427 3.457 3.534 3.428 0.150 2.67 
2.215 2.229 2.250 2.197 0.097 2.67 
1.267 1.280 1.291 1.287 0.056 2.67 
3.243 3.337 3.310 3.308 0.190 3.14 
2.653 2.760 2.759 2.733 0.140 3.14 
1.859 1.912 1.279 1.926 0.098 3.14 
0.985 1.010 1.020 1.030 0.052 3.14 
3.285 3.363 3.480 3.363 0.190 3.14 
